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ML modules come as an additional layer on top of a core language to offer large-scale notions of composition
and abstraction. They largely contributed to the success of OCamL and SML. While modules are easy to write
for common cases, their advanced use may become tricky. Additionally, despite a long line of works, their
meta-theory remains difficult to comprehend, with involved soundness proofs. In fact, the module layer of
OCaMmL does not currently have a formal specification and its implementation has some surprising behaviors.

Building on previous translations from ML modules to F®, we propose a type system, called M, that
covers a large subset of OCaML modules, including both applicative and generative functors, and extended
with transparent ascription. This system produces signatures in an OCamr-like syntax extended with F®
quantifiers. We provide a reverse translation from M® signatures to path-based source signatures along with
a characterization of signature avoidance cases, making M signatures well suited to serve as a new internal
representation for a typechecker. The soundness of the type system is shown by elaboration in F*. We improve
over previous encodings of sealing within applicative functors, by the introduction of transparent existential
types, a weaker form of existential types that can be lifted out of universal and arrow types. This shines a new
light on the form of abstraction provided by applicative functors and brings their treatment much closer to
those of generative functors.
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1 INTRODUCTION

Modularity is a key concept to build and maintain complex systems. Large code bases are broken
down into smaller components, called modules, both to give structure to the whole system and to
build standardized and reusable units. Complexity is made manageable by channeling interactions
through reduced interfaces. To that regard, language-level mechanisms are essential for keeping
implementation details and internal invariants hidden from interface, while allowing modules to be
combined in subtle ways. A wide variety of modularity techniques appear in different programming
languages: from simple functions to libraries, compilation units, objects, type-classes, packages, etc.
In languages of the ML family, modularity is provided by a module system, which forms a separate
language layer built on top of the core language. To quote Rossberg [21], “ML is two languages in
one”. The interactions between modules are controlled statically by a strict type system, making
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modularity work in practice with little run-time overhead. A module is described by its interface,
called a signature, which serves both as a lightweight specification and as an API.

The OCaML module system is extensively used and particularly rich in features: it provides
applicative and generative functors, module aliases, recursive modules, first-class modules, etc.
Most sizable OCaAML projects use modules to access libraries or define parametric instances of data
structures; several successful projects have made heavy use of modules, as in MirageOS [16] where
modules and functors are assembled on demand using a DSL [20].

However, despite the successes and the interest of the community regarding ML modules, giving
them a formal type-theoretic definition and proving their properties (type soundness, abstraction
safety), turned out to be technically involved. In the case of OCamt, the foundational works of
Leroy [13, 14], have not been extended to include the numerous new features. The current situation
is a module system that is widely used but still unspecified. Adding, modifying, or even fixing a
feature requires a deep knowledge of the technical internals of the typechecker. For substantial
extensions which could have unforeseen breaking changes, such as transparent ascription or
modular implicits [29], lacking a specification is a show-stopper.

Combining ideas from many years of research, a successful and elegant approach to model
ML-modules is their translation into F*, the higher-order polymorphic lambda calculus. Extending
the work of Russo [25], who provided a type system interpreting signatures as F® types, a milestone
was achieved by Rossberg et al. [23], who also gave an elaboration of module expressions as
F“-terms, proving soundness of the system.

We build on the insights of the work of Rossberg et al. [23], which we adapt and improve for an
OCamt-like language extended with transparent ascription. To separate the concerns of specification
and soundness, we present a standalone type system, called M®, that produces signatures in an
OCamr-like syntax extended with F® quantifiers a la Russo [25]—but are actually syntactic sugar
over F types. The M system is central to our work: it provides an up-to-date specification of
OCaML modules, may serve as a new internal representation of signatures for the typechecker, and
can be used to reason about the design and issues of module systems. To ensure type soundness of
M®, we give an elaboration d la Rossberg et al. [23]. Yet, we remove some artifacts and complexity
of the treatment of aliasing and, more importantly, of the encoding of applicative functors. This is
achieved by introducing transparent existential types which enable skolemization and bring the
treatment of generative and applicative functors much closer to one another.

Our contributions are:

e The introduction of transparent existential types in F*, a weak form of existential types
that allows their lifting through arrow types and universal quantifiers. Using transparent
existentials, we provide a simpler encoding of applicative functors, significantly reducing the
difference with the one of generative functors.

o A specification of a large subset of OCaML modules in M?, including both applicative and
generative functors, and extended with transparent ascription, using ML-style signature syntax
but explicit F*-style quantifiers.

e An anchoring algorithm that translates M signatures back into the path-based source signa-
tures with a principled approach to the signature avoidance problem.

o A source-to-source encoding of aliasing—a key to abstraction safety, that relies solely on type
abstraction, hence removing the need for a primitive treatment by the type system.

Plan. In §2, we start with an overview of the key features, strengths, and weaknesses of the
OCamL module system. In §3, we present M, a type system for OCaML modules relying on a richer
signature language based on F“. In §4, we discuss the signature avoidance problem and introduce
anchoring—the backward translation from M® signatures to source signatures. In §5, we present
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1 | module Complex = struct 12 | module CRing = (Complex : Ring)
t t = int * int
: ype n n 13 | module Polynomials = functor (R : Ring) ->
3 let zero = (0, 0)
let one = (1, 0) 14 struct
¢ let dd ! 15 type t = R.t list
> de add u v = .. 16 let zero = [] let one = [R.onel
6|en 17 let add = ...
7 | module type Ring = sig 18 end
8 type t
9 val zero : t val one : t 19 | module CX = Polynomials(Complex)
10 val add : t -> t -> t 20 | module PolynomialsXY (R : Ring) =
1| end 21 Polynomials(Polynomials(R))

Fig. 1. Basic modularity.

the elaboration of modules into F* terms as an extension of the M® type system. To this end, we
introduce transparent existential types and show how they simplify the treatment of applicative
functors. Finally, we discuss related works (§6.1), omitted features (§6.2), and future works (§6.1).

2 A MODERN MODULE SYSTEM

This section is an introduction to the design space of ML-modules focusing on the concepts,
problems, and solutions that should help understand the rest of the paper. The ideas are not new
and have been discussed in more details in the literature, as in the introduction of [8] for instance.
We start with a quick overview of the basic features: structures, signatures, sealing, and functors. We
then focus on the difference between generative and applicative functors. The design of applicative
functors is linked with the property of abstraction safety, which leads to a notion of module-level
aliases and module identity. To improve the current situation of module aliases, we propose and
discuss an extension to concrete ascription. Finally, we explain the signature avoidance problem.

2.1 Basic ML Modularity

An introductory example is given in Figure 1. Modules are created by gathering term and type
definitions in a structure, which can be named, as illustrated by module Complex. Definitions inside
a structure are called bindings which can be type declarations (line 2), values (line 3), submodules,
or module types, also called signatures (line 7). Definitions inside a signature are called declarations.
Type declarations can be left abstract, as the one at line 8.

Module types are used to control interactions between modules in two ways. First, the outside
view of a module can be restricted to protect internal invariants by an explicit ascription to a given
module type (line 12). Ascriptions can be used to hide fields (making them inaccessible from the
outside) or abstract type components, which hides the underlying implementation while keeping
the name visible. Here, CRing.t is an available type, but its implementation as a pair of integers is
hidden: one cannot coerce a pair of integers into a CRing.t value. Second, module types can be used
to restrict how a given module depends on other modules. This is achieved by turning the module
into a functor. Here, Polynomials is a functor that can take any implementation R satisfying the Ring
interface and that returns an implementation of the ring of polynomials over R. The body of the
functor is polymorphic with respect to the abstract type fields of its argument, and thus, does not
depend on their actual implementations. Functors can then be called and composed: Polynomials
can be applied to modules satisfying Ring such as Complex and cRing (lines 19), but also the output of
Polynomials itself (line 21). This check is structural, as a module doesn’t need to nominally mention
the Ring signature, it is sufficient to have the appropriate fields. Finally, modules can be packed
inside other modules as sub-modules, functors can be higher order, and ascriptions can be used at
any point, allowing functor applications to also produce abstract types.
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1 | module Tokens () = (struct 1 | module OrderedSet (E:Ordered) = (struct
2 type t = int 2 type t = E.t list

3 let x = ref 0 . 3 let empty : t = []

4 end : sig type t ... end) 4 end : sig type t ... end)

5 | module PublicTokens = Tokens() 5 | module S1 = OrderedSet(Integers)

6 | module PrivateTokens = Tokens() 6 | module S2 = OrderedSet(Integers)

7 7

(a) A generative functor — OCaml functors are made (b) An applicative functor — Functors are applicative
generative by having () as their last parameter. Here, by default in OCAmL. Here, OrderedSets(E) is a module
each application of the Tokens functor produces a mod- implementing (ordered) sets of elements of type E.t. Ap-
ule with its own internal state that generates fresh tokens plicative functors can be used in paths directly, leading to
independently. S1.t = OrderedSets(Integer).t.

Fig. 2. Examples of generative and applicative functors.
2.2 Applicative and Generative Functors

Both modules and functors can be used to either structure the code base or to build reusable
components. In the latter case, several instances of a given module might be available in the
context when combining different pieces of code. This is typically the case for modules providing
common data-structures such as lists, hash-tables, sets, etc. When such a module is the result of
a functor application, a question arises: should every instance of the same application produce
incompatible abstract types, i.e., types not considered equal by the typechecker? This question
leads to the distinction between applicative and generative functors, which have different semantics
and correspond to different use cases. Both are supported by OCamr and illustrated in Figure 2.
If two instances have equal abstract types, there are effectively compatible and the functions and
values from each module can be used together. We say that two instances are incompatible when
they have different abstract types.

Applying a generative functor twice generates two incompatible modules, with incompatible
abstract types. The body of such functor might be stateful, emits effects, or dynamically choose the
implementations of its abstract types (using first-class modules). Generativity can also be used by
programmers as a strong abstraction barrier to force incompatibility between otherwise pure and
compatible data-structures that represent different objects in the program. OCamL syntactically
distinguishes generative functors from applicative ones by requiring the last argument to be a
special unit argument “()” (we expand on the reasons behind this choice in §3.1).

Conversely, applying an applicative functor twice with the same argument produces compatible
modules, with the same abstract types. The body of such a functor must be pure! and have a static
implementation of its abstract types. Applicativity acts as a weaker abstraction barrier, making
several instances of the same structure compatible. This is especially useful to provide generic
functionalities (such as hash-maps?, sets, lists, etc.) that may appear in several places and yet be
compatible. Applicative functors are the default in OCAML.

2.3 Abstraction Safety and Granularity of Applicativity

A key design point is the granularity of applicative functors: under what criterion should two
applications of a functor produce compatible modules? We say that two modules are similar
when applying the same functor to both yields compatible modules. An option, used in Moscow
ML, is to consider modules to be similar when they have the same type fields (same names and
same definitions). This criterion is called static equivalence [7, 24, 27]. It is type-safe, as the actual

In OCamt, it is left to the user’s responsibility to mark impure functors as generative, the typechecker does not track

effects, only preventing unpacking of first-class modules and calling generative functors inside the body of applicative ones.
2Hashtbl.Make is actually pure, as it does not produce a new hash table itself, even though it contains impure functions.
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implementation of the abstract types produced by the functor can only depend statically® on its
parameters, thus only on its statically known type fields.

However, the static equivalence criterion can make two functor applications compatible while
they actually have different internal invariants. In the example on Figure 2, the lists used to
represent sets are ordered with respect to the comparison function of . Therefore, a typechecker
implementing the static equivalence criterion would allow a user to mix sets ordered with different
ordering functions, which would produce wrong results—but not crash.

Yet, developers often expect a stronger property called abstraction safety: abstract types should
protect arbitrary local invariants that may also depend on values. In the example on Figure 2,
applications of orderedSets should produce compatible abstract types only when both the type E.t
and the values, in particular E. compare, are the same.

To preserve abstraction safety, modules should be deemed similar only when both their type
and value fields are equal. Unfortunately, the equality (or equivalence) of values is undecidable
in general. Besides, tracking even an approximation of the equality of value fields would be too
fine-grained and cumbersome, as modules may have numerous value fields. To enforce abstraction
safety while remaining practical, OCamL follows a coarse-grain approach: tracking equalities only at
the module level. This was originally introduced as a syntactic criterion by Leroy [13]: two functor
applications produce the same abstract types when they are syntactically identical.

2.4 Aliasing and Ascription

The syntactic criterion is however limited: when aliasing a module, as in the expression module X' = X,
X' and X are not considered similar—they are syntactically different. To allow for a better tracking of
module equalities, module aliases* [9] were added to OCaML: the signature language was extended
with the alias signature construct® (= P) to express that a module is a statically known alias of
the module at the path P. Keeping as much aliasing information as possible allows for more type
equalities when using applicative functors.

Unfortunately, the aliasing feature of OCAML is quite 1 | module X : T =
restricted, as it does not compose with functors. As an 2 \ module F (Y:S) =Y
example, let us consider the code snippet to the right. The 3 | module X' = F(X)
module x' cannot be given the expected alias signature (= X), which contradicts the substitution-
based intuition. If the type system were to maintain module aliases through functor calls, it would
impose strong constraints on the compilation of structures and functors that would drastically
affect the performance trade-offs of modules. Indeed, in all ML-module systems, and OCAML in
particular, structures are accessed using static dispatch, i.e., with statically known offsets to be fast.
As a counterpart, the dynamic and static view must coincide and subtyping, which changes the
static view, is not code free. That is, explicit coercions are inserted at functor calls: typically, the
functor F does not receive x of signature T as argument but a copy with fewer, reordered fields, as
described by the signature s of the parameter v. Therefore, the functor parameter Y cannot be given
the alias type (=x) which should at least be compatible with the type T°. Hence, the OCAML type

3In the absence of first-class modules, which are forbidden in applicative functor for that very reason.

40Camr actually offers two distinct notions of aliases, which are respectively present or absent at runtime. Here and in the
rest of the paper, we only consider present aliases, even though they are not the default behavior, as they are the ones that
pose a theoretical challenge. Historically, the main motivation behind module aliases was rather the fine-grained control of
compilation units and name-spaces with absent aliases than the interaction with applicative functors and present aliases.
>0CaMmL actually only has alias declarations module X = P inside structural signatures. We present here alias signatures for
the sake of simplicity, which correspond to adding an enclosing structure with an alias declaration.

®Keeping aliases through functor calls would amount to give the functor a type that subsumes the bounded polymorphic
typeV (A < S). A -> A which, for records/structures, requires code-free subtyping.

Proc. ACM Program. Lang., Vol. 8, No. OOPSLAL1, Article 101. Publication date: April 2024.



101:6 Blaudeau Clement, Didier Rémy, and Gabriel Radanne

system does not follow the naive substitution semantics for aliases inside functors. Instead, it uses
a set of syntactically-based restrictions to prevent aliases in functor signatures. However, those
restrictions are not stable under substitution—and can currently be bypassed in some edge-cases’.

Interestingly, transparent ascription, originally introduced as a module expression written (M : S)
in SML, helps lifting this restriction. It restricts the outside view of a module M to the fields present
in the signature s while preserving all type equalities. However, this feature does not increase
expressiveness in SML as a similar result could be obtained via a usual (opaque) ascription of SML
with a signature where all type equalities have been made explicit. A proposal for OCamL® is to
add transparent ascription as an extension not only of the module language, but of the signature
language, writing (= P < s) for the signature of a module that is an alias of P but restricted to the
fields of s, which we call a concrete signature. A module with such a signature has the identity
of P and the content s. Concrete signatures provide a generalization of aliasing, storing both the
aliasing information and the actual signature (hence, the memory representation). The transparent
ascription expression a la SML (M : s), is then just syntactic sugar for an opaque ascription with a
concrete signature (see §3.1). Thanks to concrete signatures, aliasing information can be preserved
through the implicit ascription at functor calls. As OCamL features applicative functors (unlike
SML), this would increase the expressiveness of the signature language. Besides, concrete signatures
are compatible with static dispatch and copying at function calls allows deletion and reordering of
fields while keeping type equalities. Concrete signatures (= P < 5) are a special case of the more
general module sharing mechanism of F-ing [23], which could be obtained as (like (P : s)).

Finally, module identity is essential for modular implicits [29], a proposal for adding inference of
module expressions from a pre-declared set of modules and functors. In order to ensure coherence,
one must guarantee that an inferred module is unique, up to some notion of equivalence. As
concrete signatures enable more sharing of identities in signatures of inferred modules, aliasing
becomes a good static approximation of that equivalence.

2.5 A Key Weakness: the Signature Avoidance Problem

The signature avoidance problem is a key issue of ML module systems. It originates from a mismatch
between the expressiveness of the module and signature languages: the reachable space of possible
module expressions is larger than the describable space of signatures: some modules simply cannot
be described by a signature. This mismatch is caused by the interaction of three mechanisms. First,
type abstraction creates new types that are only compatible with themselves (and their aliases).
Then, sharing abstract types between modules, which is essential for module interactions, produces
inter-module dependencies. Finally, hiding type or module components (either by a projection
or by implicit subtyping at a functor application) can break such dependencies by removing type
aliases from scope while they are still being referenced. For instance, an abstract type t can be
hidden while a value of type t list is still in scope. An example of such pattern is given in Figure 3.
Sometimes, no possible signature exists for a module; other times there are several incomparable
ones. Specifically with applicative functors, when higher-order abstract types are out of scope,
there are often only incomparable solutions.

Strategies for solving signature avoidance. When a type declaration refers to an out-of-scope type,
there are three main strategies to correct the signature: (1) removing the dependency by making the

7See the following issues: OCAML #7818, OCAML #2051, OCAML #10435, OCAML#10612 and OCAML #11441.
80CAML#10612. Transparent ascription is written (P :> S) in OCAML#10612, the opposite of the SML convention.
9This sharing mechanism relies on a general notion of semantic paths (which stand for any module expression that does not
introduce new abstract types) whereas OCAML uses more restrictive syntactic paths. We argue that for the latter, concrete
signatures are an interesting expressiveness trade-off.
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Fig. 3. Example of a signature avoidance situation ! | module type S = sig type t end int
and the associated type-dependencies tree. The 2 | module M = (struct B
module Mis built by projecting only the submodule 3 module X:S = struct type t = int end

Y, which exposes unsolvable dependencies with a * module Y = struct

type (X.t) that became unreachable. The function f 3 type a = X.t * bool

is therefore not well-typed. (Here, we use a general ¢ type b = X.t * int

projection not present in current OCAML, but can 7 end

be easily reproduced with an anonymous functor 8 | end).Y

call, as done in Example A.1.) o | let f ((x,): M.a): M.b = (x, Ma Mb

type declaration abstract, (2) rewriting the type equalities using in-scope aliases, or (3) extending
the signature syntax to account for the existence of out-of-scope types. The first strategy (1) can
lead to loss of type equalities, but is easy to implement—it is the one currently in use in the OCamL
typechecker. Cases where the second strategy (2) succeeds constitute the solvable cases of signature
avoidance. The OCAML typechecker has some heuristics for rewriting type-equalities, but they are
incomplete, lacking a notion of equivalence class. This results in unpredictable, hard to understand
signature avoidance errors that should, in principle, be solvable. Sometimes, no in-scope alias is
available and signature avoidance cannot be solved without an extended syntax: those are the
general cases of signature avoidance. We advocate for the third approach (3), embodied by M® and
presented in §3—at least for the internal representation of the typechecker—which allows us to
separate the type system from the issue of dealing with the signature avoidance problem. However,
there are associated challenges. If the extended language is only used as an internal representation,
then a reverse translation is needed for printing the result to the user and for error messages. This
reverse translation has to deal with signature avoidance cases. If instead, the extended language is
made accessible to the user, the decidability of type-checking is not guaranteed in the presence of
higher-order abstract types; besides, it is still unclear whether it would be practical.

Signature avoidance in practice. OCAML users usually get around this limitation by explicitly
naming modules before using them, which adds always-accessible type definitions. The module syn-
tax of OCAML actually encourages this approach by limiting the places where inlined, anonymous
modules can be used. In particular, projection on an anonymous module (as done in Figure 3) is
forbidden. However, explicit naming can be cumbersome and limits the usability of module-based
programming patterns such as modular implicits.

3 THE QUANTIFIER-BASED M“ APPROACH

In this section, we present the type system M® that covers the set of features informally explained
in the previous section without suffering from the signature avoidance problem. M® distinguishes
between source signatures written by the user and M® signatures used for typechecking. M®
signatures use explicit binders (existential, universal, lambda) as in F* (and F-ing) to express type
abstraction and polymorphism, including applicativity and generativity. We start with the grammar
of source expressions (§3.1) and an overview of M® (§3.2). Then, we present the three main typing
judgments with a type-only granularity of applicativity (§3.3, §3.4, and §3.5). To model the OCamL
style applicativity, we show how module identity and aliasing can be piggybacked on the type
abstraction mechanism by a simple source-to-source transformation (§3.6).

3.1 The Source Language

The source grammar, given on Figure 4, is built on top of a core language of expressions e and
types u which are mostly left abstract. We only consider value identifiers x and type identifiers ¢,
extended with qualified values Q.x and qualified types Q.t: these are the only way for the core level
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Path and Prefix Source signature
P:=Q0.X (Access) Su=Q.T (Module type)
| Y (Functor parameter) |O)—S (Generative functor)
| P(P) (Applicative application) | (Y:S,) —>S (Applicative functor)
Qu=A|P (Prefix) | sigy D end (Structural signature)
Module Expression |(=P<5S) (Concrete signature)
M:=P (Path)  Source declaration
| M.X (Projection) Du=valx:u (Value)
| (P:S) (Ascription) | typet=u (Type)
| P() (Generative application) | moduleX :S (Module)
|O)—M (Generative functor) | module typeT =S (Module type)
| (Y:S) > M (Applicative functor)  Identifier
| struct, B end (Structure) Iu=x|t|X|Y|T (Any identifier)
Binding Core language
B:u=letx=e (Value) enx=0Qux (Qualified value)
| typet=u (Type) | ... (Other expression)
| moduleX =M (Module) U= 0.t (Quahﬁed type)
| module typeT =S (Module type) ... (Other type)
Fig. 4. Syntax of the source language.
M? Types M? signature
ta=al|t(T)]... C ==sig D end (Structural signature)
Environment | Ya.c — C (Applicative functor)
[0 (Empty) |)—3"a.c (Generative functor)
|T, a (Abstract type) ~ M® declaration
|T,(Y:C)  (Functor parameter) Du=valx:r (Values)
| T, (A.D) (Declaration) |typet =1 (Types)
Opacity | module X : C (Modules)
¢ ==V (Transparent) | v (Opaque) | module type T = A@.C  (Module types)

Fig. 5. Syntax of M® signatures.

to access the module level. The abstract syntax of module expressions and signatures is rather
standard and mostly follows the current OCAML syntax. There are a few minor technical choices:

o Module-related meta-variables use typewriter uppercase letters, M, S, etc., while lowercase letters
are used for expressions and types of the core language. Lists are written with an overhead
bar. Identifiers I and paths P use a standard font.

e In order to simplify the treatment of scoping and shadowing, we introduce self-references,
ranged over by letter A, in both structures and signatures. They are used to refer to the current
object; their binding occurrence appears as a subscript to the structure or signature they
belong to (structy ... end), so that self-references can freely be renamed. They are not
present in OCamL and should be thought of as being added by a first pass before typing. We
explain how they help treat shadowing in §3.2.

o In order to have a uniform treatment for access to local and non-local variables, we use prefixes,
written with the letter Q, to range over either a path P or a self reference A.
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Fulfilling OCaml Modules with Transparency 101:9

o Abstract types are specified as types pointing to themselves, e.g., typet = A.t where A is the
self-reference of the current structure (and often grayed out for readability).

o Functor parameters Y are a-convertible. The other identifiers (X, T, x and ¢) are not, as they
play the role of both internal and external names.

Projectibility. Choosing (1) whether projection is allowed on any module expression or only on
a restricted subset, and (2) how the core language can refer to values and types of modules is an
important design choice in ML systems, coined projectibility by Dreyer et al. [7]. Contrary to F-ing,
but following Leroy [13] and Russo [25], we chose to use a syntactic notion of path.

e We allow projection on any module expression, but we restrict functor applications and
ascriptions to paths. Doing so, the only expression that can “cause” signature avoidance is
the projection. OCamL does the opposite, mainly to prevent code patterns prone to triggering
signature avoidance. Our choice is more general, as we can define a let construct for modules
using the following syntactic sugar:

let X =MinM £ (structy moduleX =M moduleRes =M end).Res

Using this construct, we easily get functor application and ascription on arbitrary module
expressions. The reverse encoding of projection as an anonymous functor call requires an
explicit signature annotation on the argument and thus cannot be seen as syntactic sugar.

o A qualified access inside a generative functor application, which would be of the form G().t, is
syntactically ill-formed, as paths do not contain the unit argument (). By contrast, a qualified
access inside an applicative functor application F(X).t is permitted.

e A qualified access inside a module type, which would be of the form Q.T.t, is syntactically
ill-formed, as paths do not contain module type identifiers T.

e We only provide opaque ascription in module expressions, as concrete ascription is given by
the following syntactic sugar: (P < S) = (P: (=P <9))

As both path and module expressions feature a projection dot, the grammar is slightly ambiguous.

However, this is not a problem as we see paths as a subset of module expressions. In particular, we
only consider the projection dot of module expressions in the typing rules.

N-ary functors. As in OCAML, our grammar features unary applicative functors and nullary
generative functors. A unary generative functor can be obtained as an applicative functor returning
a generative one. Indeed, we could add the usual currying notation sugar:

(Y:5) () >M2(Y:5) > () M

While n-ary applicative functors are straightforward, one might wonder if n-ary generative functors
require a unit argument between every parameter. Actually, the () acts as a generative barrier and
can be placed to control the sharing between partial applications .

3.2 M? Overview

In Figure 5, we introduce the syntax for M“-signatures C , a more expressive signature language.
By convention, we use curvy capitals (C, D, ...) for M?-objects, which also use M“-types 7 instead
of source types u, obtained by replacing qualified types Q.t by abstract types a or applied abstract
types a(7) (or concrete types 7) where « range over a new collection of abstract type variables.
M® signatures C use explicit quantifiers: universal quantification for functor parameters, and
existential for the body of generative functors. We annotate existential types with an opacity flag
¢ to indicate generativity (using the opaque flag v) or applicativity (using the transparent!® flag

19This notion of transparency is unrelated to the transparent vs. concrete notion of ascription.
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M-Typ-S16-MoDTYPE . M-TyP-S1G-LocALMODTYPE
T'+P:sigD end module type T = Aa.C € D A.(T : module type Aa.C) e T
IF'+PT:Xa.C THAT: Aa.C
M-Typ-S16-GENFCT M-Typ-S1G6-ApPFCT _
T'+S:Aa.C I'+Sq:Aa.Cq ILa,Y:Cq+S:ABC
rr()—s:()—»3"ac TH(Y:Sq) = S: A Va.Ca — C[f B (@)]
M-Typ-S16-STR __ M-Typ-S16-CoN
I, D: @D  A¢T T+P:c  TrS:Aac’ T+c<(C'[a—T7]
T +sigy D end: A@.sig D end I+(=P<9S):C'[a~ 7]

Fig. 6. Signature typing rules.

V). Transparent existentials do not appear directly in the grammar of Figure 5 but in the typing
judgment for module expressions, which uses existentially quantified signatures of either form
3a.C or "@.C. Module types A@.C are parametric!! in each type variable a, which may later
become universally quantified, existentially quantified, or replaced by a concrete instance. We
consider M® types up to afin-equivalence.

Typing environments contain three types of bindings: an abstract type variable «, a functor
argument Y : C, or a declaration A.D. OCaML allows some form of shadowing, which, for the
sake of simplicity, we reject by requiring typing environments to have distinct bindings. However,
in addition, bindings made inside a submodule can also locally shadow a definition made in
an enclosing structure. We authorize this form of shadowing, as bindings made inside different
structures would have a different self-reference prefix (and are therefore considered as two different
bindings). Technically, this is achieved by using a well-formedness predicate over environments
wf(T') that, in addition to recursively checking well-formedness of all bindings in T', ensures that
variables « and Y are bound at most once and that two bindings of the form A.D; and A.D, of the
same self-reference variable A may only occur when D; and D, define disjoint identifiers.'” As a
simplifying convention for the rest of this paper, we consider well-formedness of the environment
as a precondition to all rules.

Besides the changes in the source language, and the annotation of existential quantifiers with
modes, the M® typing judgments are very close to the ones of F-ing [23], but stripped of the
elaborated terms. We refer to it and to appendices for more details. There are three main judgments:
typechecking of signatures (and declarations), subtyping, and typechecking of module expressions
(and bindings), which we present in this order.

A “standard” typing system. Overall, the type system should be understood as a combination of
standard features—but using ML-modules nomenclature—together with specific mechanisms to
deal with abstraction. Structures are just records, with bindings being record-field expressions and
declarations being record-field types. Ascriptions are explicit coercions, and functors are functions.
However, in addition, some constructs introduce abstract type variables with an implicit scope.
Hence, the key technical point of M® is how the type sharing is represented with explicit quantifiers.

3.3 Typechecking of Signatures

The key concepts of M® can be illustrated with the typechecking of signatures I' +- S : Aa.C, which
translates a source signature S into its M® counterpart Aa.C, making the set of abstract type o
explicit. The set of rules is given in Figure 6 and discussed below.

1Here, we follow Russo [25] rather than [23] and use a lambda quantifier for signatures.
12This amounts to see A.D as binding A; where I is the identifier defined by D.
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Declarations. Typechecking of signatures uses a helper judgment I -, D : A@.D for typechecking
declarations for which we only give the key rules, referring to §B for the full set of rules. The
syntactic enforcement of the position of quantifiers in this judgment helps understand the lifting of
abstract types, a key concept that is pervasive throughout the declaration typing rules. An abstract
type is introduced by an abstract type declarations:

[k A(typet =1):Aa.(type t = a) (M-Typ-DEcL-TYPEABS)

However, since type t must also be accessible in the following declarations, the A-binder for @ must
be lifted to enclose the whole region where ¢, hence «, is accessible. This lifting is performed when
merging a list of declarations in Rule M-Tyr-Drct-SeQ where binders are merged together in front
of the list of declarations.

M-Typr-DECL-SEQ _ N M-Typ-DEcL-MoD
T Fs Dy : Aay.Dy T, ap, A.Dy By D:Aa.D I'rS:Aa.C
T+, Do,D: Ao @.Do, D I+, (moduleX :S):Aa@.(module X : )

Lifting also occurs when typing a submodule declaration (Rule M-Typ-Deci-Mop) where the set of
quantified types introduced by the submodule are lifted to the declaration itself.

Signatures. Typing rules for signatures can be found on Figure 6. Module type definitions are
inlined (rules M-Typ-Si6-MopType and M-Typ-Si-LocatMonTypg), which explains why M® signatures
do not have a counterpart for module types Q.T in source signatures. In Rule M-Tyr-Si6-Con for a
concrete signature (= P < S), the signature S is first elaborated into an M“-signature Aa@.C’ that is
checked against the M“-signature C of path P. The result signature is C’[@ + 7] after applying
the matching substitution [@ + 7] to C’. Notably, no new abstract type is introduced.

Functors and scopes. Rule M-Typ-S16-GenFct for generative functors shows how the scope of
abstract types @ introduced in their bodies is restricted the top-level of the functor body, leaving an
opaque existential signature 3"@.C for the functor codomain. Hence, every instantiation of the
functor will generate new (incompatible) abstract types @, as expected for generative functors. By
contrast, applicative functors should not be assigned a signature of the form Va.Cc — 376.¢’ where
all applications would produce new types, nor A5.Va.C — ¢’ where all applications would share
the same types regardless of their argument. The solution, introduced by Biswas [1] and reused in
F-ing, is to use a higher-order abstract type f’ applied to the universally quantified variables @ to
capture the fact that the type of the codomain is some type function of the arguments. This gives a
signature of the form Af’.V&@.C — C[f — B’(@)] as can be seen in Rule M-Typ-SiG-AppFcr.

3.4 Subtyping

The subtyping judgment I' + ¢ < ¢’ (and its helper judgment I' - D < D’) checks that a signature C
is more restrictive than a signature C’, meaning that the former has more fields and introduces fewer
abstract types. It combines structural subtyping of records (with field deletion and reordering),
covariant subtyping of functions, and instantiation of quantifiers. We only highlight two key rules
below, referring to §B.1 for the full set of rules:

M—_SUB—SI_G—STRUCT __ M-SuB-S16-GENFcT
DyCD TrDy<D Larc<c'|@ -7
T + sig D end < sig D’ end Irr)—»3"ac<()-3"2.c

Rule M-Sus-S16-STrRUCT compares two structural signatures. Rule M-Sus-Sic-GenFcr for generative
functors amounts to check subtyping between existential types T' + 3"a.C < 3"@’.C’, which in
turn amounts to finding an instantiation [@’ + 7| of the abstract types so that C is a subtype
of C’[@’ + T]. While this is the standard way of specifying subtyping for existential types, it is
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M-Typ-MoD-VAR M-Typ-Mob-LocAL M-Typ-MoD-SEAL M—TYP—MOL:STRUCT_
(Y:C)eT (AX: moduleC) eT reM:3a.c I'e,B:3°2.D  A¢T
T+Y:C TFAX:C LeM:37a@.C T +structy B end: 3°.sig D end
M-Typ-MoOD-ASCR M-Typ-Mob-ArpFcT _
I+P:C L+S:a.c’ T'rc<C'[a—T T'+Sy:A@.Ca L,a, (Y:Cq) rM:3B.C
T+(P:9):Fa.c’ TH(Y:Sg) = M:3F Vaca — C[f B @)
M-Typ-Mob-GENFcT M-Typ-MoD-AprPAPP
FrM:3%@.C TrFP:Va.Ca—C TrP ' Tr(C <CilamT)
I'r()—=mM:()—=3"a.c T'+P(P):Claw 7]
M-TypP-MoD-APPGEN M-TYP-MOD-PROJ_ .
reP:()—»3"a.c FrM:asigDend moduleX:ceD @ =fv(C)na
repP():3%a.c rrMX:3°.C

Fig. 7. Module (and path) typing rules.

algorithmically challenging in the presence of higher-order abstract types, and could potentially
lead to undecidability of subtyping. This problem has already been identified by Rossberg et al. [23],
but shown to be decidable for certain pairs of signatures (C, C’) satisfying a syntactic condition,"
which happens to be true for signatures encountered during subtyping. This results from the fact
that subtyping is always checked against signatures C’ that are the elaboration of source signatures.

3.5 Typechecking of Module Expressions

Typechecking of expressions I' + M: 3°@.¢ infers the M®-signature 3°@. C of a source module M.
The signature features an existential quantification annotated with an opacity flag ¢. In particular,
the opacity is the same for all abstract variables (which are all transparent or all opaque). In fact,
the judgment should be read T ¥ M: 3°@.C where the opacity flag on the judgment is a typing
mode, applicative or generative, respectively, which implies that the existentials, if any, should all
be transparent or all be opaque, respectively. However, to lighten the notation, we omit the mode
except when it is generative and there is no existential type to enforce it. Thus, when we write
I'tM:3@.C or T +M:37@.C when « is empty, we actually mean I’ +' M: C and T’ +" M: C. The
same convention applies to typing rules for bindings M-Tye-Dect-* which can be found in §B.2.
Typing rules for expressions M-Typ-Mob-* are given on Figure 7.

Skolemization. The need for two modes of typing comes from the treatment of applicative
functors, specifically Rule M-Typ-Mop-AppFer. In order to share the abstract types f produced by
the body of the functor, we lift them out of the universal quantification (and out of the right-hand
side of the arrow) by making them higher-order. This is known as skolemization and has been
introduced by Russo [25] in the context of modules. However, this is only sound when the abstract
types have a statically known witness,'* which we enforce by requiring transparent existentials for
the body of the functor.

Propagation of modes. Signatures with transparent existentials are inferred by default and are
required for the body of applicative functors. Module expressions that are inherently generative,
such as calling a generative functor or computing impure core expressions (or unpacking a first-class
module), can only be typed with opaque existential signatures in generative mode. This discipline
is enforced by forcing the body of a functor to be typed transparently when it is applicative

13[23] defines the syntactic notions of valid and explicit signatures. They enforce that during typechecking, subtyping only

happens between valid signatures on the right-hand side and explicit signatures on the left, for which it is decidable.
4Technical reasons will be given in §5.4.
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(Rule M-Typ-Mon-ArpFcr) and opaquely when it is generative (Rule M-Tyr-Mop-GenFct). Rule
M-Typ-BinD-SEQ forces all components of a structural signature to have the same opacity:

M-Typr-BIND-SEQ _ N M-Typ-BIND-LET
Tk By: @0  T,7@,ADrH B:3°2.D Tre:r
T+, B, B:3°70,a.D,D T'E (letx=e):(val x:1)

We also rely on a core-language expression typing judgment'® T +° e : 7 equipped with a mode that
tracks the presence of effects!®. When typing a value field, the mode is propagated via an empty
existential (Rule M-Typ-Binp-LET). Signatures can also be downgraded from transparent to opaque
via subsumption (Rule M-Tyr-Mon-Seat). All other rules are agnostic of the typing mode. With the
convention that M-Typ-Mob-SkaL is only used when the generative mode is required for the premise
of another rule, i.e., applicative signatures are inferred by default, the system is syntax directed.

Introduction of abstract types. Rule M-Typ-Mob-Ascr for signature ascription (P : S) has some
resemblance with Rule M-Typ-S1c-Con for typechecking of concrete signatures (= P < S): in both
cases, we check that the M® signature of P is a subtype of the M“-signature Aa.C’ of S. By contrast,
however, we here drop the matching substitution in the result signature 3'@.C’ and instead
introduce the abstract types @, transparently. In particular, when S is concrete, i.e., @ is empty, no
abstract type is actually introduced. That is, concrete ascription (P <: S), which is syntactic sugar
for (P: (=P <S)), i.e., the opaque ascription of P to the concrete signature (= P < S), behaves
as expected, filtering out components of P as prescribed by S but without creating new abstract
types. Note that applications of an applicative functor (Rule M-Tyr-Mop-ArrArp) do not introduce
new abstract types per se, but applications of already existing higher-order abstract types—which is
the key to the sharing between different applications of the same (or an equivalent) functor to the
same (or equivalent) arguments.

Projection and signature avoidance. In the source signature syntax, dependencies between modules
are hard to track, as modules can use arbitrary paths to access other modules. Signatures can thus
have non-obvious internal dependencies. In a type system that works directly on source signatures,
as is OCami, typechecking the projection of a submodule M.X is delicate: the dependencies of the
source signature of X might become dangling after the other components of the signature of M have
been lost. By contrast, M signatures do not have internal dependencies; they are non-dependent
records, as all paths present in concrete type definitions have been inlined and binders for abstract
types have been lifted.

In principle, the projection rule M-Typ-Mon-Proj could return the signature 3°@. C, leaving all
variables in scope after projection. However, it performs some form of garbage collection by just
keeping the subset @’ of abstract types @ that appear free in the submodule signature C so as to
avoid keeping useless, unreachable abstract types.

3.6 Identity, Aliasing, and Type Abstraction

So far, our system handles applicativity with a granularity of type-only applicativity, as promoted
by [25] and F-ing. To obtain abstraction safety, Rossberg et al. [23] introduced semantic paths:
marking value and module fields with phantom abstract types and using the type sharing mechanism
to track value (or module) sharing. Then, type-only applicativity can be transformed into either (1)
fine-grained applicativity by marking all values, or (2) coarse-grained applicativity (a la OCamr) by
marking only modules.

15This judgment is trivially extended by rules for accessing qualified variables and types, see §B.2.
16Not present in current OCAML, where it is the user’s responsibility to use the generative functors in such cases.
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Tagging Paths
Tag {M} £ structy module Val=Mtypeid= A.idend [AX]£AX [PX] % [P].ValX
Tag {S} % sig, module Val: S type id= A.id end [Y]£v [P(P)] £ [P]-Val([P'])

Module expressions Signatures
MX] £ M .ValX [P()] £ [P] -Val() [AT] 2 AT [P.T] = [P].ValT

[(P:9)] = ([P]: [sD [(=P=<9)]=(=[P]=<[sD
[0 — M = Tag {O) — M} [0 — s] = Tag {O) — [s]}
[(Y:5) —M] = Tag {(Y : [S]) — [M[} [(Y:Sa) — 8] = Tag {(Y : [Sa]) — [S]}
[structa B end] 2 Tag {structs [B] end} [siga D end] £ Tag {sig, [D] end}

Fig. 8. Source-to-source transformation introducing identity tags for structures and functors using two
reserved identifiers id and Val. Bindings and declarations are transformed by immediate map over submodules
and submodule-types.

However, as phantom abstract types act exactly as regular abstract types, we can split the
introduction of those types from the typing. We propose a simple, compositional source-to-source
transformation that explicitly introduces a special abstract type field id, called an identity tag in
Figure 8. We call tagged expressions those resulting from the transformation, so as to distinguish
them from raw (untagged) expressions. Structures and functors are wrapped inside a two-field
structure with its identity tag and the actual value. New (abstract) identity tags are introduced
when typing structures and functors, or via an ascription. Conversely, identity tags are shared
when aliasing a module.

Controlling the applicativity granularity by a source-to-source transformation allows for a
simpler set of typing rules. Besides, it leaves open the choice to apply the transformation so as
to obtain OCAML coarse granularity (and abstraction safety), or just stay with the default static
equivalence. (Of course, we may recover derived rules by inlining the transformation, which may
be useful, for instance in an optimized implementation, to avoid an intermediate pass.)

Identity tags ensure that two module expressions that share the same identity tag originate from
a common ancestor with a better signature, as stated by the following theorem:

THEOREM 3.1 (IDENTITY TAGS).
T + [M] : sig module Val : ¢, type id =t end TG <C
) : = (o,
T + [Mz] : sig module Val : C, type id =t end TFC <O

Proor skeTcH. The proof uses bounded polymorphism to add a supertype bound to every
identity tag, namely the signature of the original module where the identity has been introduced.
We may show that typing in M® implies typing in a refined system with bounds, which in turn
ensures that the type of a Val field is always a supertype of the bound of its identity tag. Details
can be found in §B.3. m]

4 REBUILDING SOURCE SIGNATURES

In order to also enable the use M just as an internal representation of the typechecker, we need to
output signatures in the OCaML syntax, whether typechecking succeeds (to print module interfaces)
or fails (to print error messages). Hence, we provide a reverse translation from M® signatures back
into the source OCAML syntax, called anchoring. This translation is necessarily incomplete as some
inferred signatures cannot be expressed in the (less expressive) source syntax. However, using
M® signatures, we can precisely describe three different sources of incompleteness, i.e., signature
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avoidance, from which we extract three guidelines. Violation of one of these guidelines constitute
a specific kind of (anchoring) typechecking errors. We argue that these guidelines lead to more
understandable signature avoidance error messages.

Anchoring relies on identity tags, and therefore assumes that we have tagged source programs
as described in §3.6 prior to type checking. That is, anchoring translates tagged signatures back
into source (hence untagged) signatures.

4.1 The Expressiveness Gaps of the Source Syntax

4.1.1 Abstract Type Fields. A first key insight is the difference in the source syntax between
the declaration of a concrete type (typet = u) and that of an abstract type (typet = A.f). An
abstract type declaration typet = A.f in covariant position effectively creates a new abstract type
(introducing an existential quantifier in M) and adds a type field t to the signature, while a concrete
type definition type t = u in covariant position only introduces structural information—adding a
field t to refer to the existing type u. By contrast, M® signatures separate the introduction of new
abstract types from the introduction of fields by using explicit quantifiers. In particular, they may
mention an abstract type without having a type declaration to refer to it.

Guideline 1. Source signatures can only express situations where the first occurrence of any
abstract type « is in a type declaration type ¢t = «, called the anchoring point for the type a.

4.1.2  Module Identities. Source signatures can only express identity sharing via concrete signatures
(= P < S), thus only when all modules sharing the (same) identity of P have a signature that is
a subtype of (the signature of) the module at P. This imposes a subtyping order on the modules
sharing the same identity.

Guideline 2. Source signatures can only express identity sharing via concrete signatures. All
modules sharing the same identity must have signatures that are supertypes of the first occurrence.

4.1.3 Higher-order Abstract Types. In a source signature, an abstract type ¢ inside an applicative
functor F is only reachable via a path with a functor application, as F(X).t. This type is therefore
restricted to a certain domain that corresponds to the parameter signature S of F. If we want to share
the type F(X).t with another functor F’, the domain S’ of F” has to be a subtype of the domain S of F.
By contrast, M® signatures can express sharing of a higher-order abstract type between functors
with arbitrary domains. As an example, let us consider the following M® signature, resulting from
a projection where the functor that introduced ¢ became unreachable while two uses of ¢ remain:

3¢ .module M : sig module F :Va.C — sigtypet =¢(a) end
module F’ : Va.C’ — sig type t = ¢(@) end end
The source syntax can express the sharing between F and F’ only if the domain of the anchoring
point (inside F) covers the use inside F’, which requires that the domain S’ of F’ be a subtype of
the domain S of F:

module M : sig moduleF :(Y:S) — sigy typet=A.r end
module F’ : (Y :S") — sigy typet = F(Y).t end end

Guideline 3. A source signature S can express sharing of an abstract type between several applica-
tive functors only when the first of them (say, F) has an abstract type declaration typet = A.t and
all following ones have a concrete type declaration of the form typet = F(Y).t (and, consequently,
a domain included in the domain of F).

Decidability. Guideline 3 for anchoring higher-order abstract types is sound, but too permissive.
Indeed, the problem of finding an arbitrary combination of applications of modules in scope to
obtain a given type field reduces to a higher-order unification problem, which is undecidable. Hence,
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we propose to restrict anchoring further by considering a type declaration type t = ¢ (@) to be a
suitable anchoring point only when it occurs inside an applicative functor that is parametric in
exactly o. For instance, both anchoring points are suitable in the example above.

Disabling functor applications out of thin air. The decidability heuristic still allows functor ap-
plications out of thin air. That is, it may invent paths with new functor applications that never
appeared in the source, just for referring to abstract types that have lost their original path. This
would be quite surprising, if not misleading, as it suggests a computation that will never happen.

Following the example above, a type expression of the form F(X).t that is elaborated to ¢ (@)
may have to be anchored in a context where F became unreachable. Should we allow ¢(@) to
be anchored to a new application F’(X).t where F’ might be a totally different functor that just
happens to copy the right type field ? To strike the balance between expressiveness and usability,
we argue that this should be accepted only when F’ is an alias of F—and rejected otherwise.

To distinguish between both cases, we slightly instrument the typing rules'’ by tracking functor
applications: when a type expression inside a declaration type t = ¢(@) is obtained via a functor
application, we mark it as unsuitable for anchoring while aliasing a functor keeps its signature
unmarked, letting its type declarations available for anchoring.

4.2 The Anchoring Process

For pedagogical purposes, the anchoring algorithm is split in two steps: we first translate M®
signatures into tagged source signatures, before removing tags to obtain source signatures. Both
algorithms are presented as relations, although they are deterministic. We first explain some
instrumentation added to the typing judgment, including the marking of functors. Then, we
highlight the key rules of both steps (the full sets of rules can be found in §C).

Instrumenting the typing judgment. First, we extend the grammar of environments with barriers:
we write I' - I for an environment that behaves as I', " but with a barrier between I' and I'” and let
A range over environments without barriers. Hence, by writing I' - A, we mean that A is the part of
the environment right after the rightmost mark. This is used to indicate scopes (adding a barrier)
and prevent anchoring of types that have been introduced in a larger scope. Marks are introduced
in the context by typing rules that open scopes'®. We also instrument Rule M-Typ-Mon-ArpFcT to
mark skolemization steps, writing f’(a) instead of f’ (@) but to mean the same, so that anchoring
may pattern-match on list of lists of arguments rather than on a flat list.

Marking higher-order abstract types. Finally, we modify the typing rule for functor application
M-Typ-Mon-AppApp to mark higher-order abstract types. To do so, we first use a syntactic mark 7'
on types, which can be seen as the introduction of a postfixed constant 1 that behaves as Aa.a. That
is, 7' syntactically differ from 7 but really means 7. We write ' for the signature ¢ where all type
declarations type t = 7 of the structure and substructures have been rewritten into type ¢t = 7' —but
the marking does not go inside the body of functors nor inside module types. Therefore, we only
change the resulting signature of the rule M-Typ-Mon-ArrArp to a marked signature ¢'' [@ — 7.
Marks are kept syntactically but are ignored by typing and subtyping rules."’

4.2.1 From M® Signatures to Tagged Source Signatures. The algorithm proceeds by visiting the M
signature in left-to-right depth-first order. Along the way, it removes all universal and existential

7This information cannot be reconstructed just from types.

More precisely, (1) when entering a generative functor (M-TyP-MoD-GENFCT and M-Typ-S1G-GENFCT), (2) when
entering a module type and (3) when typing the argument of an applicative functor (M-TyP-MoD-APPAPP and M-Typ-
SiG-AppFcT)

19 Alternatively, we could see marks as the identity type function Aa.c and eliminate them by S-equivalence.
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quantifiers from the M® signature and replaces occurrences of the corresponding abstract types by
either a self-reference (at its first occurrence becoming its anchoring point) or a path referring to
its anchoring point. An anchoring map 0 from M® types to type expressions with qualified types

is built and updated during the visit. The main judgment I'; 0r + C <Ly 5. s the anchoring of
signatures: given a path P, it translates the M tagged signature C into a tagged source signature S
and produces a (possibly empty) local anchoring map 6 of the abstract types anchored in S, prefixed
by P. This judgment is also defined for declarations and types. The key rules are those that extend,
update, or use the anchoring map to reconstruct source type expressions. They are highlighted
below. We refer the reader to §C for the full set of rules.

A new anchoring point is introduced when reaching a type declaration of the form type t = «
where « is not anchored yet, i.e., not in the domain of 0r. A simplified rule for first-order types is:

a ¢ dom(0r) ael args(A) =0

A
I'-A;0r +typet=a < typet=Al: (a At)

We ensure that the type a was introduced after the left-most barrier, by requiring @ € A, and
check that the type declaration has not been made inside an applicative functor by requiring that
the environment A contains no universally quantified types.?’ We then return the singleton map
(a — A.t). The general version of the rule considers a declaration for a possibly higher-order
unmarked type expression ¢:

¢ ¢ dom(6r) el args(A) =ay; ... an

I (A-DECL-ANCHOR)
T-A;0rFtypet =@(ay)...{an) < typet=Ai: (¢ — Al)

In particular, this rule only applies when ¢ is both unmarked and applied to exactly the sequence

args(A) of abstract types in A (which necessarily follow ¢). Anchoring fails if one of the conditions

does not hold. The process could be made more (or less) permissible by tweaking this rule.

The anchoring map 6 is updated in the two places where access paths to types must be changed
as we exit scopes: (1) in Rule A-Sic-StrPatH, locally anchored abstract types are made available
through the path P and (2) in Rule A-Sic-FctAvrp, paths to anchored types of 6 are point-wise
abstracted over the functor parameter Y in the returned map AY.6.

A-SI1G-STRPATH A-Ste-FerAe I@;6rFCa=Sa:ba
A _ _ _ AVal(Y)
;0D <—D:6 A¢T dom(0) =@ I,a,Y :Ca;0r Wl -C—>S:0
— P — .
T;0r b sig D end —> sigy D end : 9[A — P] T30 - VECa — C oY (Y :S,) = S: AY.0

By contrast, the anchoring map of the body of a generative functor is thrown away, as generative
functors cannot appear in paths, and a barrier is added in the premise, as the body cannot capture
types defined outside of the functor.
Finally, the anchoring map is used for anchoring an M®-types 7 into a source one:
t=¢{ry...).. {1p...) Or (@) = AYy....AY,. Pt
Vie[kn].T;60r 1 < Pi.id u=0r(®)(Py)...(Pp) Fru:r

T;0rr7—>u

(A-TYPE-APPLICATION)

This rule is designed to allow anchoring of a type 7 that is abstract over a certain number of
parameters (here, n — k + 1) even if 7 is actually applied to more parameters (here, n). This comes
from the fact that source signatures do not display the depth of enclosing applicative functors. More
details are given in Lemma C.1. The resulting type u is the path (resulting from the mathematical

20We extract the list of (list of) universally quantified types from the environment using an operator args(A), which returns
a list of lists of variables. Those type variables are easily identified as they immediately precede functor parameters in A.
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application) 0r(?)(Px) ... (P,). However, u must be re-typechecked to ensure that paths occurring
in 7 only contain valid functor applications®! and that it returns the same type as the input type z.

4.2.2 Untagging. The first step of anchoring returns a tagged source signature S. It remains to
remove the tags, i.e., to return a signature S’ with the id and Val fields stripped of S, recursively, but
expressing the same sharing using concrete signatures. This is defined as a judgment T + S < §’.
The two interesting rules are for untagging structural signatures:

U-S1G-FrRESH U-S16-CoN
I'rS—¢s I'rFS—¢g Ir+s:c’ IT'rP:C Trc<(C’
T+ Tag[S] — &’ T'+sigy typeid=P.id module Val: Send — (=P < S')

When the identity type declaration is an abstract type declaration Tag[S] (Rule U-Sic-Fresn), i.e.,
of the form sig, typeid = P.id module Val : S end, the identity of the module is fresh, hence
the anchored signature of the value is returned directly. Otherwise (Rule U-Sic-Con), the identity
type declaration is concrete, i.e., of the form P.id; that is, the signature of a module that shares
its identity with the module P. We retrieve the M“-signature C of the module P and check that
it is a subtype of the M®-signature C’ of the untagging S’ of S, so as to ensure that the concrete
signature (= P < S’) to be returned is valid. The other rules, omitted here, only remove the access
to Val-fields and inductively call untagging.

4.3 Properties of Anchoring

Anchoring and typechecking of signatures are conceptually inverse of each other, with a few
caveats. First, typechecking is not injective: several source signatures can express the same type
sharing information. We quotient source signatures by the equivalence induced by M® typing:

'-sS=~s £ TrS:dac AT+rS :Aa.C

Second, M? signatures can express the fact that they are inside an applicative functor, as their
abstract types are applied to universally quantified type variables. This does not appear in source
signatures, requiring a correspondence up to skolemization.

THEOREM 4.1 (ANCHORING OF TYPED SIGNATURES). Typed source signatures are anchorable®?:
r+S:dac AT—->6 —= T-a;0rtC>S:(a—_)ATrS=Y

THEOREM 4.2 (ANCHORING CORRECTNESS). Typing back the anchoring gives the original signature,
up to re-skolemization of current universally quantified types.

T-AOrrC>S:0 Adm@)=a AT — 0 = T+S:AB.C" A C'[B+— @largs(A)] =C

Both results are proved by induction. Finally, untagging is inverse of tagging, as expected. See
§C for more details.

THEOREM 4.3 (UNTAGGING). [+FS—S = TrSx][Y]

ZIndeed, it can happen that a module X is lost, while a transparent ascription X’ is kept. The types resulting from a functor
application F(X) .t may not be anchorable as F(X') .t if X' lacks certain fields.

22We use the judgment T' < O as a wellformedness condition to relate T and 6r: it is defined as a fold of anchoring over T.
See the §C for more details.
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4.4 Discussion

M® signatures are more expressive than source signature, but they may also keep too much
information, revealing the history of the module operations. This may lead to an inferred signature
that is not anchorable, while intuitively providing the same type-sharing information as a simpler,
anchorable signature. This typically happens when a type variable has become “unreachable”, only
appearing in sub-expressions. We have identified two such patterns.

Loss of a type argument. The signature®® 3¢, a. C[¢, (¢ a)], could be obtained by exporting a
functor (providing ¢) along with a type obtained by applying this functor to an argument that has
latter been hidden. The application ¢ « keeps trace that the type was obtained by applying ¢ to a.
However, since the argument « is not accessible, this information became useless. By subtyping,
we could safely give the module the simpler signature 3¢, . C[¢, f] cutting the (original) link to
the functor. Anchoring the left-hand side will fail since & cannot be anchored, while anchoring the
right-hand might succeed. We do not currently allow this simplification during anchoring, since
both signatures are not isomorphic in F.

Loss of a type operator. Similarly, the application of a functor may be exported while the functor
itself became unreachable. For instance, with two applications of the same functor, we may have a
signature of the form 3¢, a, §. C[a, B, (¢ @), (¢ p)], which is a subtype of, but not isomorphic to
o, B, B Cle, B, ]2

5 THE FOUNDATIONS: F® ELABORATION

The M® system is designed to offer a standard, standalone, and expressive approach to the typing of
OCamL modules, while hiding the complexity and artifacts of its encoding in F*. Yet, the elaboration
of module expressions and signatures of M in F“, which we now present, served as a basis for the
design of M® and still shines a new light on its internal mechanisms. It is also used as a proof of type
soundness. This elaboration is largely based on the work of Rossberg et al. [23], but differs in a key
manner for the treatment of abstract types defined inside applicative functors. A main contribution
is the introduction of transparent existential types, an intermediate between the standard existential
types, called opaque existential types, and the absence of abstraction. They bring the treatment of
applicative and generative functors closer, and significantly simplify the elaboration.

5.1 F“ with Kind Polymorphism

We use a variant of explicitly typed F” with primitive records (including record concatenation),
existential types, and predicative kind polymorphism. While primitive records and existential
types are standard, kind polymorphism is less common. Predicativity of kind polymorphism is
not needed for type soundness. However, it ensures coherence (of types used as a logic), that is, it
prevents typing terms with the empty type V(a : x). a, whose evaluation would not terminate. For
that purpose, kinds are split into two categories: large and small. Polymorphic kinds, which are
large, can only be instantiated by small kinds, which in turn do not contain polymorphic kinds.
In our setting, kind polymorphism is not essential, as it is only used to internalize the encoding
of transparent existential types as F©-terms. Alternatively, we could have assumed a family of
transparent existential type operators indexed by small kinds, so as to never use large kinds, moving
part of the encoding at the meta-level.

Z3Here, we use the notation C[a, . .. | to indicate that a appears freely in € and the notation C[ (¢ @), ... ] to indicate that
a appears only in the subexpression (¢ «). In particular, C[®, (¢ «)] means that « only appears as an argument of ¢ in C.
Z4Actua11y, if the functor were called only once, the signature would be of the form 3¢, a. C[a, (¢ «)], which in this
simpler case is actually isomorphic to 3a, . Cla, a’].
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ci=%x|x|¢c—g (small kinds)
K=¢|Vruk|Kk-kK (large kinds)
t=alr—o|{€:1)|Y(a:x).t| A (@ k).t Aa:x).t|rT| Vot | At | 75| () (types)
e=x|Mx:7)e|ee|Ala:r)e|er| Arve|lec|e@e|{=e}]|el
| pack {r,e) as 3"(a : ).t | unpack {a,x) =eine| () (terms)
F=-|Lx|la:x|T,x:1 (environments)
Fig. 9. Syntax of F®

The syntax of F” is given in Figure 9. Typing rules are standard and available in §D. Type
equivalence, defined by fn-conversion and reordering of record fields, is also standard and omitted.
We use letters 7 and e to range over types and expressions to distinguish them from types u and
expressions e of the core language, even though these should actually be seen as a subset of 7
and e. We consider F“ to be explicitly typed and explicitly kinded. As a convention, we use a
wildcard “ ” when a type annotation is unambiguously determined by an immediate subexpression
and may be omitted. This is just a syntactic convenience to avoid redundant type information and
improve readability, but the underlying terms should always be understood as explicitly-typed F®
terms. We write » for kind variables, « and f for type variables of any kind, and ¢ and ¢ for type
variables known to be of higher-order kinds. Application of expressions e ¢ and types 7 ¢ to kinds
are restricted to small kinds ¢. In expressions and type expressions, we actually write kinds « (and
kind abstraction /\.) in pale color so that they are nonintrusive, and we often leave them implicit.
We actually always do so in the elaboration typing rules below for conciseness.

For convenience, we use n-ary notations for homogeneous sequences of type-binders. We
introduce let-binding let x = e; in e; as syntactic sugar for (A(x : _).e;) e;; we define n-ary pack
and unpack operators defined as follows:

pack (r7,e) as A"aa.c pack(r, pack (f,e) as 3"a.c[a — 7]) as I'aa.o
unpack {aa,x) =e; in e, unpack {a,x) = e; in unpack (@, x) = x in e;
pack (@,e) aso = e unpack (@,x) =ejine; Zletx=ein ey

1> 11>

5.2 Encoding of Signatures

M® signatures are actually F* types with some syntactic sugar. In F“, we see Y and Aj as term
variables, similar to x’s. We assume a collection ¢ of record labels indexed by identifiers I of the
source language. Structural signatures sig D end are just syntactic sugar for record types {D}. A
small trick is needed to represent type fields, which have no computational content, but cannot be
erased during elaboration as they carry additional typing constraints. We reuse the solution of F-ing,
encoding them as identity functions with type annotations. For this, we introduce the following
syntactic sugar for the term representing a type field (on the left). We overload the notation to also
mean its type (on the right).

{r:) £ A(® ) AMx:¢7).x (Term) (r:x) = V(o )¢t — ¢z (Type)

The type 7 is used as argument of a higher-kinded type operator ¢ to uniformly handle the encoding
of types of any kind. The key (and only useful) property is that two types (of the same kind) are
equal if and only if their encodings are equal. Finally, declarations are syntactic sugar for record
entries (distinguished by the category of the identifier):

b : T module X : C
& (o) module type T = A&.C

val x : 7
typet =1

tx : C
T : ((/WC))

1> 1l
1> 1l
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5.3 Sharing Existential Types by Repacking

The encoding of module expressions as F“ terms is slightly more involved than for signatures.
Although structures and functors are simply encoded as records and functions, a difficulty arises
from the need to lift existential types to extend their scope, as explained in §3.3.

Let us first consider the easier generative case. The only construct for handling a term with
an abstract type is unpack, which allows using the term in a subexpression, hence with a limited
scope, but not to make an abstract type accessible to the rest of the program. Yet, abstract type
declarations inside modules have an open scope and are visible in the rest of the program. At a
technical level, the difficulty comes from the representation of structures. To model them, one needs
ordered records (also known as telescopes), where each component can introduce new abstract
types accessible to the rest of the record, while standard F® only provides non-dependent records.

This observation was at the core of the design of open existential types [18] and of recursive type
generativity [6]. Here, in order to stay in plain F, we reuse and adapt the trick of F-ing: structures
are built field by field with a special repacking pattern: abstract types are unpacked, shared, but
abstractly, with the rest of the structure, and then repacked. This allows the terms to mimic the
existential lifting done in the types.

To capture this lifting of existentials out of records, we first introduce a combined syntactic form
repack” (@, x) = e; in ey, which allows the abstract types of e; to appear in the type of e,%:

repack” (@,x) = e; in e; £ unpack (@, x) = e; in pack (@, e;) as I'a.
Then, we use it to define a new construct to concatenate two records e; and e; with disjoint domains,

but where e, might access the first record, via the bound name x;, and reuse its abstract types, via
the bound variables @:

lift"(@,x; = e1 @ e2) = repack” (@, x;) = e; in repack </§, xz> =eyinx; @ X3

It is better understood by the following derived typing rule and its use in the example of §A.2.3.

Fre :3%a {f:1} Toa,x;:{f ) Fe:3A"B{f: 13} L#l
I'r “ﬁ:(O_(,Xl =e1 @ €2> : 3'6_{,,3_. {[1 17100t Tz}

5.4 Transparent Existential Types and Their Lifting Through Function Types

The repacking pattern allows lifting existential types outside of record types. Unfortunately, this
is insufficient for the applicative case, which uses skolemization to further lift abstract types out
of the functor body to the front of the functor. This lifting of existential types though universal
quantifiers by skolemization and through arrow types, as done in M®, is not definable in F.

One solution is to avoid skolemization by a-priori abstraction over all possible type and term
variables, i.e., the whole typing context. Doing so, existential types are always introduced at the
front and need not be skolemized. This is the solution followed by the authors of F-ing and by
Shan [26]. While this suffices to prove soundness, the encoding is impractical for manual use of the
pattern—as it requires frequently abstracting over the whole environment—and therefore does not
provide a good intuition of what modules really are. The encoding could be slightly improved by
abstracting over fewer variables, without really solving the problem of a-priori abstraction.

We instead retain skolemization, following the intuition of the M® system, but we tweak the
definition of existential types to make their lifting though universal types definable. Namely, we
introduce transparent existential types, written 377 (« : k). o to described types that behave as usual
existentials 3"(a : k). o but remembering the witness type 7 for the abstract type a.

Z5We leave the type implicit since the type of repacking is fully determined by the combination of @ and the type of e;
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We create a transparent existential type with the expression pack e as 3" («:«).o, which
behaves much as pack (z, e) as 3"(a : k). 0, except that the witness type 7 remains visible in the
result type. A transparent existential type is thus weaker than a usual abstract type, as we still see
the witness type. It is still abstract, as « cannot be turned back into its witness type 7 and has to
be treated abstractly. Two transparent existential types with different witnesses are incompatible.
This could be seen as a weakness of transparent existentials, but it is actually a key to their lifting
through arrow types.

Transparent existential types do not replace usual existential types, which we here call opaque
existential types, but come in addition to them. Indeed, an expression of a transparent existential
type can be further abstracted to become opaque, using the expression seal e, which behaves as
the identity but turns the expression e of type 37" (a : k). o into one of type 3" (a : k). 0.

Transparent existential types may also be used abstractly, with the expression repack” {a, x) =
e1 in ey, which is the analog of the expression repack” (@, x) = e; in e, but when e, is a transparent
existential type 37 (a : ©). o1. In both cases, e; is typed in a context extended with the abstract types
@ and a variable x of type o;. Crucially, e, cannot see the witnesses 7. However, the abstract type
variables @ may still appear in the type o, of the expression e, and therefore it is made transparent
again in the result type of repack” {(a,x) = e; in ey, which is 3" (a : «). 0. We do not need a
primitive transparent version unpack” {a, x) = e; in ey, since it can be defined as syntactic sugar
for unpack (o, x) = seal e; in e;.

So far, one may wonder what is the advantage of transparent existentials by comparison with
opaque existentials. We provide two key additional constructs for lifting transparent existentials
across arrow types and universal types—the only reason to have introduced them in the first place.
The lifting across an arrow type, written lift e, turns an expression of type a; — 3 (a : k). 07
into one of type 3" (a :x).(07 — 03) as long as a is fresh for o;. Since we can observe the
witness 7, we can ensure that the choice of the witness does not depend on the value (of type
o1), allowing us to lift it outside of the function. While this operation seems easy, it crucially
depends on existential types begin transparent—this transformation would be unsound with opaque
existentials. For instance, let us consider the following expression: Ax. if x then pack (int,42) as
J'a.a else pack (float,0.5) as 3"a.« It has type bool — 3" ., but it would be unsound to
consider it at the type 3" a.bool — a.

Similarly, lifting across a universal type variable f8 of kind ', written lift"e, turns an expression
of type A(f:«').3"(a : ¥). o into one of type ITAF )7 (g’ ).Y(B:x").ola— o B], pro-
vided f is fresh for 7, using skolemization of both the existential variable & and its witness type .
To summarize, we have extended the syntax of F* as follows:

o= ... |3 (a:x).0

e == ...|pack eas 37 (a:x).0 | seal e | repack” (o, x) = e; ine; | lift e | lift"e
Their typing rules are given in §D. These constructs have no additional computational content,
namely repack” (@, x) = 7 in o behaves as a let-binding, while the other constructs behave as e. We
add syntactic sugar for n-ary versions of transparent packing and repacking, as we did for opaque
existentials. We write seal” for n applications of seal.

We can define a lifting operation lift"(@, x; = e; @ e;) for dependent record concatenation as
the counterpart of the opaque version, by replacing opaque repacking by transparent repacking.
Finally, we also define a new operation lift“e that uses a combination of the primitive lift™ and

liftv_to turn an expression e of type Va.o; — 377(f). o, into one of type 377 (f').Va.o; —
o) [ﬂ — fa ], which is the key transformation for lifting existentials out of applicative functor
bodies. Its implementation is obvious and given in §D.5.
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EM(: ).
Pack : Vu.V(a:x).Y(¢ )¢a—>Exa@
Seal : Vu.V(a:x).V(¢ YExa¢ —»3a: »).Pa
R Repack : V. V(a: #).¥Y(® )JExa® - VY ). V(a:»n).Pa—>Ya) > Exay
E = Lift™ @ VoeV(a:»).Y(® YY(B:*).(BoExa@) 5 Exa (Ma:»).p— ¢a)
Lift"  : Vo.VeV(a ).V (® ).
(YV(B:w).Ex(ap) (¢ )E a (Ma ).V (B:w). @B (ap))
Pack = A(a:x). A® YAx:Qa).x
Seal = A x). A9 ).A(x : ¢ @).pack (@, x) as A" (a: »). P a
e = Repack = Ala:x). A ). A(x @ ). A(Y ) Af V(@ n).@a— Ya).(f ax)
Lift™ = Ax.A(a:»).A(@ ).AB:x).Af: (B> Pa).f
LiftY = N Ao ). A(¢ ) A(x s (V(B:w).¢B(aP))).x
0 = A Ma:x). A(@ ).Pa eg = pack (7o, e9) as g

Fig. 10. Implementation of transparent existentials as a library in F* with (predicative) kind polymorphism.
Notably, the type operator E has a polymorphic kind V.5 — (3 —» %) = %

5.5 Implementation of Transparent Existential Types in F®

Interestingly, transparent existential types are completely definable in plain F® (with kind poly-
morphism). A concrete implementation is given on Figure 10. The implementation ey is not itself
of much interest: most expressions are n-expansions of the identity. However, using regular F®
existentials, ey can be abstracted into eg = pack (o, e9) as 7z where 7y is the interface type that
hides the implementation of the type E. Using this definition, we may see a program e using
transparent existential types as a program unpack (E,xg ) = eg in e in plain F*, with the following
additional syntactic sugar®:

FV(B:x).0c £ Ext (AB:k).0) seal e £ xg.Seal e
pack e as 3% (a).c = xg.Pack7 (A(a: ).o)e lift”e £ xg.Lift” e
repack” (@, x) = ej inex; £ xg.Repack (Ala: ). AMx:a).e2) lift" e 2 xg.LiftY e

We also write repack® (a, x) = e; in e, and lift®(a@, x; = e; @ e,) where ¢ stands for either v or v.

5.6 Elaboration Judgments

As for M, the elaboration relies on a subtyping judgment and a typing judgment for both signatures
and modules. However, as M® signatures are already F* types, we can reuse the M® typing judgment
(although we should now reread it with implicit kinds). Specifically, neither M® signatures nor
its typing contexts mention transparent existential types. This is a key observation: transparent
existential types may only appear in types of module expressions. This means that values of such
types are never bound to a variable (during elaboration), which would otherwise force them to
appear in the typing context. Instead, transparent existential types are always lifted to the top of
the expression (using the three lift operations).
There are two main elaboration judgments, for subtyping and typing.

Subtyping. The judgment I' + C < C’ »» f extends M® subtyping to return an explicit coercion
function f. The judgment is also defined for declarations I' + D < D’ ~» f. Interestingly, as
signatures do not contain transparent existential types, subtyping between signatures is (a subcase
of) standard subtyping in F®. As they are similar to M® subtyping, we omit the rules and refer the

26As above _ stands for kinds or types that are left implicit as they can be straightforwardly inferred from other arguments.
We also extend transparent existentials with sequences of abstractions as we did for opaque existentials.
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reader to §E.1. The judgments satisfy the following properties regarding F* typing:
FTrC<C'wf =Trf:CoC' TEFD <D’ wf = T+ f:{D} > {D'}

Typing. To factor notations for the typing judgment, we introduce the meta-variable ¢ that
stands for either an opaque existential v or a transparent one vz together with1 its witness type .
We write mode(9) (resp. mode(d)) for the mode of & (resp. the homogeneous sequence ), which
is either v or v. When a mode is expected without a witness type, we may leave the projection
implicit and just write & instead of mode(). The convention is the same as for the M® system.

The judgment T ¥ M : 3%@.C ~» e extends M® typing with the elaborated module term e. The
mode ¢ must coincide with 3, and may be left implicit, as we did for the corresponding M® judgment.
Hence, we usually just write I' M : 3?@.C ~» e. A similar, helper judgment T K B: a.D e
is also defined for bindings. The properties of both judgments are detailed below. When reading
an M® type environment I in F®, we must read A.(val x : 7) and A.(module X : C) as Ay : 7 and
Ax : C, and drop A.D when D binds a type or a signature.

THEOREM 5.1 (SOUNDNESS). When typing a module, the elaborated module term is well typed
regarding F° typing, and the source module term is well typed regarding M® typing.

FeM:FPa.cwe = Tre:3ac A TeM:Fac

— 5 — 5 — 5  — 1
IrrB:3%a.Dwe = Tre:3% (D} A T+M:3%a.D W

THEOREM 5.2 (COMPLETENESS). Well-typed M® terms and bindings can always be elaborated:
T+M:Fa.c = Fe,d T+M:Fa.Cc~e A mode(d) = o @

['+B:a.D = e, 3, TrB: %@ Dwe A mode(5)=<>

PRrRoOOF SKETCH. Soundness is by induction on the typing derivation. Completeness can be easily
established as the elaboration rules mimic the M® typing rules with no additional constraints
on the premises, except for transparent existentials. However, these only appear on the types of
elaborated modules as a positive information, which is never restrictive. In particular, a transparent
existential type is always used abstractly and pushed in the context after dropping the witness type
exactly as an opaque existential type, i.e., as in M?. O

5.7 Elaborated Typing Rules

We only present an excerpt of the most significant elaboration rules for expressions. The full set of
elaboration rules is given in §E.2. The key rule for structures is the sequence rule that combines
bindings. It may be concisely written as follows for generative and applicative modes:

E-Typ-BIND-SEQGEN E-Typ-BIND-SEQAPP
F%B:E'ﬁl.@wel F%B:Hvrlﬁﬁl).@wel
Io,ADky B:3"02.D w ey [,a,ADky B:3V72(@).D ws ey
Tk B,B: 3713 (D,D) w Tk B;B: 3"72(@1@;). (D, D) ~
lift " (@1, x1 = e1 @ (let Ap = x1.4p iney)) lift" (@1, x1 = e1 @ (let Aq = x1.4p iney))

The single field of e, is concatenated with the fields of e, after lifting out their existential bindings.
In both cases, the field of e; is made visible in e,, as well as the existentials in front of e;—but
abstractly. Interestingly, the generative and applicative versions can be factored as follows:

ThB:3%@.Dwe LLa,ADLB:3%@m Dwe, 0 =mode(d19)

2
(E-Typ-BIND-SEQ)
r

by BB : 3% @ @, (0,D) w lift* (@1, x1 = e1 @ (let Ap, = x1.4y, in e2))
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We also have a unified rule for typing structures in both modes:

IhB:FaDwe Agl

— = — (E-Typ-MoD-STRUCT)
I'-structy Bend: Esd.sig D end ws e

By default, elaboration is done in applicative mode, hence inferring transparent existentials, but
it can be turned into generative mode when required, using Rule E-Tyr-Mob-Sear. Since signature
ascription is defined on paths, it is applicative (rule E-Typ-Sig-Arp). That is, signature ascription
(P : S) may introduce new abstract types @ as prescribed by the (elaboration Aa.C of the) signature S,
but these are transparent existentials in the type of (P : S).

E-Typ-MoD-SEAL E-Typ-S1G-Aprp
L+M:3%(@).cwe T'+S:Aa.C THP:C' we Tro <cla—=T]wf
T'FM:377.C ~w seall@ e T+(P:S): EIV?(ﬁ).C ~» pack fe as EIV?(E).C

Elaboration of functors. At first glance, the elaboration of functors seems to differ more signifi-
cantly in the applicative and generative cases:

E-Typ-Mob-ArpFcT _ E-Typ-Mobp-GENFcT
TFS:1a.Cq L&, Y:CqatM:3V(B).C we I'rM:3"a.C we
Ty (Y:S) o M: 37T (F) Vac, — c[fo B (@] Tr()—>M:() > 3@ ().e

o ift*Aa. A(Y : Cy). e

The body of an applicative functor is elaborated to transparent existentials which are lifted through
A’s, while in the generative case, the existentials are opaque and cannot be lifted. However, this
difference is largely artificial as a result of using a special argument () to enforce generativity. Oth-
erwise, the main difference lies in enforcing the body of the functor to be typed in generative mode,
hence with an opaque existential type. Since lift* is neutral on terms that do not have transparent
existential types, the elaboration of the generative case could also be written lift*A(_ : ()).e, so
that the two cases only differ by the modes of elaboration of their bodies.

6 DISCUSSION
6.1 Related Works

The literature regarding ML modules is rich and varied. The link between abstract types in ML
module systems and existential types in F* was initially explored by Mitchell and Plotkin [17].
This vision was opposed by MacQueen [15] who considered existential types to be too weak
and proposed using a restriction of dependent types (strong sums) to describe module systems.
Further work on phase separation by Harper et al. [11] supported the idea that dependent types
may actually be too powerful for module systems. SML modules were described by Harper et al.
[11]. Two approaches for the formalization and improvement of abstract types in SML were later
independently yet simultaneously described by Leroy [12] using manifest types and Harper and
Lillibridge [10] via an adapted F® with translucent sums. The genesis of the OCaML module system
was specified by Leroy [12, 14] with, later, an extension to applicative functors [13].

The key idea for a simplified link between modules and F*, developed by Russo [25], was to use
existential types to interpret signatures. Pursing a related objective, Dreyer [6] proposed to model
generativity using stamps instead of existential types, while Montagu and Rémy [19] proposed a
similar, but logically-based approach, through the concept of open existential types.

Pushing Russo’s idea further, a milestone was achieved by Rossberg et al. [23] with the elabora-
tion of an expressive module system into F“, dubbed the F-ing approach. F-ing gives a syntactic
translation from the syntax directly into F®, thus providing semantics by elaboration. F-ing is
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safe by construction?’, inheriting the property from F®, but requires the programmer to think in
terms of the elaboration, which is quite involved in some cases, and only sees the elaborated types
instead of the usual signatures. Our anchoring algorithm removes the need for the user to know the
underlying F encoding, except for a deep understanding of the tricky cases of signature avoidance.

Moving one step further, Rossberg [21] achieved a unification of the core and module languages
(thus, unstratified), called 1ML, using F* as the underlying programming language and seeing
module constructs as syntactic sugar. This is appealing, even though the prototype implementation
only covered the generative case: the applicative case might have been unusable in practice, due to
a priori extrusion of quantifiers over the whole context. Hopefully, this could be fixed by applying
our a posteriori lifting of transparent-existential-types technique to 1ML. We decided to build on the
F-ing approach rather than 1ML because the clear separation between core and module languages
seems better suited to model a real-world language as OCamL, where the core language has a lot of
additional features which are orthogonal to the module system.

More recently, Crary [5] used involved focusing techniques to solve signature avoidance in the
singleton-type approach for SML modules in a manner that turns out to have many similarities
with F-ing. Our work provides complementary information on the understanding of signature
avoidance, neither on its origin nor on how to avoid it, which was already well-understood in F-ing,
but on the difficulties and the principled way to solve it in the path-based approach of OCamL.

6.2 Features not Included

In our formalization, we omitted some features of OCAML both at the module level and at the
interface between the module and core languages. We see no difficulty in adding the following
features (already covered by [23]): first-class modules which are just values injected in and out of
the core language, (S with type t = 7) and (S with type t := 7) which only operate at the level
of signatures, (include P), which just flattens structures, and (open P) which just extends the
environment. Other main omitted features are discussed below.

Extracting signatures from modules. OCAML features a construct (module type of M). We could
easily add such a construct restricted to cases where M does not introduce any abstract type, which
includes all paths P, and return the signature ¢ of M?®. This would be analogous to the (like M)
construct of F-ing [23]. However, this does not reflect the OCaML semantics, which returns a
signature (in the source language, corresponding to the M® signature) 3°@.C with abstract type
fields @ whenever the definition of the module at P introduced abstract types @. This leads to a
surprising situation?’ where (module type of P) and (module type of P’) may differ when P’ is an
alias of P and P is a module definition with abstract types.

Recursive modules. This raises both typechecking and compilation issues. Typechecking recursive
modules poses the double-vision problem explained and solved in [6] and also solved in [18]. A
similar solution should also apply to our encoding in F*—after adding recursion at both the term and
type levels. A more ambitious solution would be to extend M® with mixin modules altogether [22].
This would not help improve their compilation, though.*

?"Besides, their work has also been mechanized in Cog for the generative case. A Coq formalization of our approach,
including the applicative case, would be welcomed. It is left for future work.

2To preserve decidability of subtyping, they restricted the feature to their syntactic notion of explicit signatures, which we
would also need to do.

?To circumvent this behavior, users sometimes write module type of (struct include P end) to force the “strengthening”
and obtain the concrete signature ¢ rather then the abstract signature 3°@. . This trick does not apply to functors.
30Their compilation in a call-by-value setting requires a static analysis to ensure that the recursion is always well-founded
so that values will eventually be constructed before being destructed. OCAML uses a simple static analysis together with a
back-patch semantics, which can fail at runtime.
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Abstract module types. Abstract module types are a particularity of OCamt, that does not fit well
in our framework. Instantiating an abstract module type A appearing in a signature S by another
signature containing abstract types (or abstract module types) amounts in M® to introducing new
quantifiers deep inside the signature, which must be universal or existential depending on the
polarity of the occurrences of A in S. This is not doable with F“ type instantiation alone. Yet, adding
kind-level lambdas to F* (with predicative kind polymorphism) could cover a restricted case, where
an abstract module type cannot be instantiated by a signature that does itself contain abstract
module types. This seems to be sufficient for the cases found in real-world projects.

Richer type declarations. The type declarations mechanism of OCaML is much richer than what
we model. Adding parametric type definitions should not raise any problem, as F* already features
type functions. The various annotations for type parameters (variance, boxing, etc.) should be
encodable in a (light) extensions of F© with similar features. Algebraic datatypes (ADT) can be
represented as an abstract type definition followed by value declarations for the constructors, as
mentioned by [12]. Recent work has shown that generalized ADT are encodable in an extension of
F [28], which might be usable to extend our support for such type declarations.

6.3 Future Works

We have introduced and formalized M, a middle point between the source path-based module
system used in OCaML and F. First, we gave an improved elaboration of modules into F“, using
the new notion of transparent existentials to treat applicative functors in almost the same simple
way as generative functors. Then, using M® as an intermediate language, we shone a new light on
the mechanisms of the OCamLr type system, and provided a detailed description of the solvable and
unsolvable cases of signature avoidance.

An immediate application of our work is to use M®-signatures as an intermediate typing repre-
sentation for OCamML. We avoided the difficulty of maintaining module type names from the source
by inlining them, while a real implementation will definitely need strategies to maintain them.
Extending our formalization to do so would be an interesting, but orthogonal contribution.

We are currently faced with the following dilemma: we can present inferred signature to users
in the source syntax at the cost of dealing with the signature avoidance problem and explain it to
the user. Alternatively, M® signatures eliminate this artificial problem altogether but depart from
the path-based source notation that has proven user-friendly in many cases. Giving the user access
to full M® signatures would make subtyping undecidable. Finding a set of good sense restrictions to
maintain decidability, as well as mixing the path-based and M signatures constitutes an interesting
research and engineering topic. Characterizing the artifacts described in §4.4 and changing M® or
the anchoring to remove them in final signatures is also a topic of interest for future works.

The module identities of OCAML are probably abstraction safe®!, as hinted by our Theorem 3.1.
Yet, the type-safety of F is not sufficient to show abstraction-safety, even with the full tracking of
values d la F-ing (section 8), which seems obviously abstraction safe. A full semantic model of M®
types would be needed and constitutes an interesting future work. This would probably benefit
from the insights of the recent works of Crary [3] [4] on logical relations and abstraction properties
for a rich module calculus.

The introduction of transparent existential types makes the treatment of applicative and genera-
tive functors much closer to one another. It could benefit other existing approaches to ML modules
which removed sealing inside applicative functors due to the cost of a-priori skolemization. Finally,
it could be interesting to explore extending F“ with minimalist constructs so that we may program
with modules directly.

31 Assuming that the typechecker could enforce that applicative functors only contain pure values.
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A EXAMPLES
A.1 Example of concrete ascription

Figure 11 demonstrates a code pattern, present in the OCAML ecosystem, where concrete ascrip-
tion would be useful. Currently, OCamL fails to share and identify the types Space3D.sSet.t and
Set(Reals).t. This pattern arises when combining a functor (Make3D) that reexports its argument (k)
with an applicative functor called twice (Set), once on the argument and once on the reexported ar-
gument so that the modules resulting from both applications may interact. Here, the fixed interface
VectorSpace could not be functorized to explicit the dependency with the underlying field, as not all
vector spaces are functors over a field. Besides, type-level sharing is not sufficient to obtain the
right type equalities when calling the set functor. By contrast, when the granularity of applicativity
relies on static equivalence as in Moscow ML, the example would typecheck without requiring
concrete ascription: there is a design trade-off between abstraction safety and flexibility.

A.2 Signature avoidance
All examples of this section refer to a signature S defined as:

1 module type S = sig type t end

A.2.1 Valid OCAML syntax.

Example A.1. We give a basic example of signature avoidance similar to [2, Figure 3], but in
valid OCamL syntax. The anonymous projection is replaced by an anonymous functor call. The key
is that the type field of the argument Y. t is inaccessible outside of the functor’s body and must
therefore be avoided.

1 ‘ module M =
2 ‘ (functor (X: S) -> struct
3 ‘ type a = X.t * bool
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1 | module type Field = ... 10 | module Make3D(K:Field) = (struct

2 | module type VectorSpace = sig 11 module Scalar = K

3 module Scalar : Field 12

4 . 13 | end : sig

5 | end 14 module Scalar : (= K < Field)

6 | module Set(Y:...) = ... 15 | end)

7 | module LinAlgebra(V:VectorSpace) = struct 16 | module Reals = ...

8 module SSet = Set(V.Scalar) ... 17 | module Space3D = LinAlgebra(Make3D(Reals))
9 | end 18

Fig. 11. An example of code pattern where transparent ascription is necessary. On the left-hand side,
VectorSpace defines an interface for vector spaces which contains a sub-module Scalar for the field of
scalar numbers. The functor LinAlgebra (line 7) uses a vector space to define linear algebra operations, one
of them being sets of scalar numbers. At some other point in the development (line 10), 3D vector spaces
are built directly from any field K via the functor Make3D. Its signature contains a transparent ascription
on its parameter K. Finally, on line 17, the module Space3D implements linear algebra for the vector space
R3. We want the inner sets Space3D.SSet.t, and Set (Reals) .t to be compatible. This requires the aliasing
information to be kept between the parameter and the body of the functor Make3D.

4 ‘ type b = X.t * int
5 ‘ end)
6 ‘ (struct type t = int end : S)

7| let £ ((x, ): M.a) = ((x,42): M.b)
As the typechecker abstracts both a and b, it fails at line 7 with

1 \ Error: This pattern matches values of type 'a * 'b
2 ‘ but a pattern was expected which matches values of type M.a

A.2.2  Solvable cases. We show two examples of solvable cases that are not correctly handled
by the current OCamL typechecker (over-abstraction), but would be covered by our anchoring
algorithm. For each, we give the code, the inferred signature given by the OCamL typechecker, and
the corresponding signature obtained by M® typing and anchoring.

Example A.2. A modified version of Example A.1 with a solvable case of signature avoidance.
Here, abstracting a and rewriting the type declaration for b as type b = a * int would keep all
type-sharing:

Source code Inferred signature

1| module M = module M : sig, typea= A.a

2 ‘ (functor (X: S) -> struct typeb = A.b end

3 ‘ type a = X.t .

. ‘ type b = X.t * int Anchored signature

5 | end) module M : sig, typea= A.a

6 ‘ (struct type t = int end : S) typeb = A.a X int end

Example A.3. A variant of the previous example at the module level, with module aliases instead
of type equalities:
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Source code Inferred signature

1 | module M = module M : sig, moduleXj : S

2 ‘ (functor (X: S) -> struct module X5 : S end

3 ‘ module X1 =Y .

N module X2 = Y Anchored signature

5| end) module M : sig, moduleXj :$S

6 ‘ (struct type t = int end : S) module X, : (= A.X; < S) end

A.2.3  Module encoding in F*.

Example A.4. A simple module M with three type fields, on the left-hand side. The raw encoding
(after reduction of administrative let-bindings) on the right-hand side shows how abstract types
are shared between components via lifting.

Source code Encoding of e
module M = struct e=lift" (a, x1 = pack {(), {& = KON} as "a. {& : {a)}
typet = At @ lift" (B, x2 = pack (), {tu = ON}) as 3"B. {& : (AN}
typeu = Au @ {to = Lax pp}))
em;cypev = AtxAu Signature of e

C=3a,p.{tr: (a); tu: (BN ;s to: Lax P}

B M®SYSTEM

In this section we give the complete set of typing rules of the M“ system.

B.1 Subtyping

B.1.1  Signature subtyping

M—_SUB—SI_G—STRUCT __ M-SuB-S16-GENFcT
DyCD TrDy<D Larc<c'|@ -7
T + sig D end < sig D’ end Irr)—»3"ac<()-3"2.c

M-SuB-S1G-AppPFcT
o' +C, < Cqla— 7] L vrcla—7]<C’

TrYacC, = CsVa'.clh—c’

B.1.2  Declaration subtyping

M-SuB-DEcL-Mobp
Trcsc’

T + (module X : ) < (module X : ")

M-SuB-DECL-VAL M-SuB-DEcL-TYPE
Tk (valx:7) < (valx:7) Ik (typet=r1) < (type t =7)

M-SuB-DECL-MODTYPE
rLarCc <cC’ roavrc’' <c

T + (module type T = Aa.C) < (module type T = Aa.C”)
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B.2 Typing
B.2.1 Signature typing I'rS:Aa.c
M-Typ-S16-MoDTYPE . M-TyP-S1G-LocALMODTYPE
T'+P:sigD end module type T = Aa.C € D A.(T : module type Aa.C) e T
IF'+PT:a.C THAT: Aa.C
M-Typ-S16-GENFCT M-Typ-S1G6-ApPFCT _
T'rS:Aa.C I'kSq:Aa.Cq ILa,Y:Cqt+S:ABC
rr()—-s:0)—-3"a.c TH(Y:Sg) = S: A Na.co — C[f— B (@]
M-Typ-S1G-STR - M-Typ-S16-Con
I“I—AD:/IE.D Ag¢Tl TrP:C I'+S:a.c’ Trc<C'[amT7 T'rT:x
T +sigy D end: A@.sig D end Fr(=P<S):C'[amT7]
B.2.2  Declaration typing [k, D:Aa.D
M-Typ-DECL-VAL M-Typ-DECL-TYPE
Tru:r Tru:t M-Typ-DECL-TYPEABS
'k A(typet =1):Aa.(typet =«
T, (valx:u):(valx:7) T, (typet=u): (type =1 i A )+ Aa(typ )
M-Typ-DECL-MoD M-Typ-DECL-MODTYPE
I'+S:Aa.c T'+S:Aa.c
[k, (moduleX :S):Aa.(module X : C) [k, (module typeT =S): (module type T = Aa.C)

M-Typr-DEcCL-SEQ
M-Typ-Dect-Empry TrD:id@.D  T,@,ADr D: @D

'n,o:0 — —
T+, D,D: A7 @D, D

B.2.3 Core type checking extension

M-Typ-TyPE-PATH o M-Typ-TyPE-LocAL
I'+P:sig®D end typet=7€D A(t: typer) €T
T'rPt:t THAt: 7
B.2.4  Module typing IF'+M:3a.c
M-Typ-MoD-VAR M-Typ-Mob-LocAL M—TYP-MOD_—STRUCT_
(Y:C)eT A.(X : moduleC) €T Iy, B:3°2.D  A¢T
TrY:C T+FAX:C T +structy B end: 3°@.sig D end
M-Typr-MoD-ASCR M-Typr-Mobp-GENFcT
T+P:c  TrS:2ac’ Trc<(C'[a- 7] F+T:% reM:3%a.c
Tr(P:s):3%a.c’ r+O)—-M:()—3"a.c
M-Typ-Mobp-ArpFcT _ M-Typr-Mop-ArPPGEN
TFSy:A@.Ca Ia, (Y:Cq) rM:3VB.C reP:() - 3"a.c
TH(Y:S) = M:3"F . Vac, — C[fr @] rrP():3"a.c
M-Typr-MoD-APPAPP M-TypP-MoD-SEAL
T+P:Va.Co— C I'v+?P:c’ T'+(C' <culamT] T+T:% reMm:3%a.c
TL'+P(P):Cla— 7] reM:3%a.c

M-Typ-Mob-Proj
['+M:3°.sig D end module X: C €D a =fv(C)na

I +MX:3°%.C
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B.2.5 Binding typing

M-Typ-BiND-LET M-Typ-BiND-TYPE

re:r Tru:T M-Typ-BIND-ABSTYPE

Tk (typet=Al) ;3% (type t = @)

Flﬁ(letxze):(valx:r) Fiﬁ(typetzu):(typetzr)

M-Typ-BiND-MoD M-Typ-BiND-MoDTYPE
[wM:3%a.c res:iac
Tk, (moduleX =M): (3%@. module X : ¢) Tk, (module typeT =S): (module type T = A@.C)

M-Typ-BIND-SEQ
M-Typ-Binp-Empry T, 8:3°@.0 T,a,ADkB:3°aD

FQ@:@ — =
T+, BB:3°7,@.0,D

B.2.6 Core expression typing extension

M—TYP—TYPE;PATH _ M-Typ-TyPE-LocAL
I'+P:sigD end valx:7€D A(x:valr)eT
T Px:t P Ax:t

B.3 Proof sketch of Theorem 3.1

T+ [M;] : sig module Val: ¢, type id =7 end 3 TrCo <1
T + [M] : sig module Val: ¢, type id =7 end = ) TG <

For this proof, we consider a slightly modified system called M%, based on F“ extended with
bounded quantification. We identify M® types and M® signatures and use 7 and C interchangeably
in this section. The system M%, is built from M® as follows:

(1) We extend the quantifiers 3°, V, and A to support bounded quantification for abstract types
that serve as identities (the other types being bound by the top bound T).

(2) We modify the typing and subtyping rules accordingly. Omitting the rules that do not feature
bounds or simply thread them from the premise to the conclusion, only three typing rules are
affected, as they now feature an additional subtyping condition as their premise (using gray
background to emphasize the differences):

MS-Typ-S16-CoN

T'+P:C I'eS:A(@<7).c’ Tre<C' a7 I'r7:% rrz<7
T'r(=P<9):C'[a—T]

MS-Typ-MoD-AsCR

T'+P:C I'evS:A(a<7).c’ Tre<C' a7 I'r7:% rrz<7

Lr(P:5):3(@<7).Cc’

MS-Typ-Mon-ArPAprP
FI—P:V(ES?').CQHC TrP :C’ FI—C’SCa[El—)?] T'r7T:x T'rz<7?

T+P(P):Cla— 7]

(3) We modify the typing rules for introducing abstract types (MS-Typ-Decr-TypeABs and MS-Tye-
Binp-ABsTyre) by distinguishing identity tags (Rules MS-Typ-Dect-TypreABsIp and MS-Typ-Binp-
AssTypelp) from other abstract types. While abstract types are simply bound by T, identity
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tags are bound by the signature of the associated value.

MS-Typ-DEcL-TYPEABS MS-Typ-DecL-TYPEABSID
t#id FT'rAVal:C
T (typet=At): Aa < T).(type t = a) Tk (typeid= A.id): A(a £ C).(type id = )
MS-Typ-BIiND-ABSTYPE MS-Typ-BiNnD-ABSTYPEID
t#id TrAVal:C
T (typet=At):3%(a < T).(type t = @) T+ (typeid=A.id):3%(a < C).(type id = a)

(4) Subtyping is extended with a new rule MS-Sus-Bounp for subtyping bound variables (MS-Sus-
BounD-STAR is just a particular case of MS-Sus-Bounb):

MS-Sus-BounD MS-SuB-BOUND-STAR
wsA(ag?’).Cer rr7<7? a<CceTl
T'+(e7) <Cla—T] F'ra<C

Besides, the two following rules for subtyping between functors are also extended with
additional premises to justify the instantiation of abstract types:

MS-SuB-S16-GENFCT

ra<zrc<c'|l@ -7 TLTa<zr

1<7
r-)—3"@<n.c<()—-3"@<7).c’

MS-SuB-S1G-AppFcCT
@' <7 +C) < Cald— 7] L <7 rcla—ml <’ Lo <7+ <7

THY(@<T).CaoC Y@ <T)Ccp— '

Subtyping in M. remains transitive.
The proof then proceeds in two steps:

(1) We first show that the M%. maintains an identity-tag well-formedness invariant in typing
derivations: If T + sig type id = 7 module Val: C end : wf;; then T + 7 < C (1). To do so, we
reinforced well-formedness for identity tags by changing the rule to

I'rC:wf Trr<C

T + sig type id = 7 module Val: C end : wf

This defines a stronger well-formedness judgment T+ C : wf;;. We show that M%, typing
judgments for modules and signatures always produce signatures that preserves identity-tag
well-formed. That is, - T' : wf;y and either T' +S: A(@ < C).C" or T +M: 3°(@ < C).C’ implies
L@ <CrC :wly

Therefore, we may restrict M%, derivations to use the identity-tag well-formedness invariant
as long as we start with a identity well-formed environment. By inversion of well-formedness,
this ensures the invariant (1).

(2) Using the previous invariant, we then show that typability in M® implies typability in M%..
The proof of the first step proceeds by a simple induction over the typing derivation: identities are
either introduced fresh, in which case the bound is equal to the signature of the corresponding
Val-field, or obtained via subtyping, in which case we use transitivity of subtyping.

The rest of this section is dedicated to the proof of the second step. The only differences between
the original and the enhanced typing systems are the addition of subtyping bounds and subtyping
relations between the bounds. The core of the proof is to show that these are actually not restrictive,
which follows from two key facts: (1) subtyping is only done with a right-hand side signature
that comes from a source signature, i.e., that is the result of typing a source signature; and (2) such
signatures always contain the bounds of their identity tags in at least one positive occurrence.
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Properties of typed source signatures. M® signatures obtained via typing of a source signature
(referred to as TSS in the following) are a strict subset of identity-well-formed signatures. Bounds
allow us to store the signature C of the original module that introduced an identity tag «, and the
signature C’ of every module that shares the identity « is a supertype of the original signature C.
In a TSS, the bound of an identity tag « is exactly the signature C of the first module occurrence
with identity tag «, and therefore, the bound always appears explicitly in the signature. By contrast,
in a signature obtained via module typing, the access to the original module of signature ¢ may
have been lost, typically by projection, leaving only modules whose signatures are supertypes of C.

First-order example. Before diving into the proof by induction, we consider the typing of a basic

source signature S:
TrS:AMa < Co).C
There must be a subterm of C at a positive occurrence that is equal to:
sig module Val : C, type id = a end
When subtyping this signature with another one in the enhanced system,
Ik A(a £Ca).C <MP<Cp)C’
there is a new subtyping check between the bounds:
T'+Cp<Ca (1)

Whenever the subtyping between ¢’ and C succeeded in the original system, C’ features a subterm

of the form

sig module Val: ¢, type id =  end

By subtyping, we have I - Cy < C,. Thanks to the invariant of the first part of the proof, we
know that I' + Cg < (. Transitivity of subtyping ensures (1). Hence subtyping also succeeds in the
enhanced system.

Proof by induction. We prove by induction over the typing derivation that typing and subtyping
in M® implies typing and subtyping in the enhanced system. Cases for unchanged rules, or rules
that just thread the bounds from the premise to the conclusion are immediate. The only interesting
cases are the three typing rules and two subtyping rules shown above have an additional premise,
which we prove is actually implied by the other premises.

Typing M-Typ-Sic-Con. The M® derivation ends with the following rule.

M-Typ-S16-CoN
T'+P:C I'+S:Aa.c’ Trc<c'lamT] F'+7:%

Tr(=P<9S):C'[am 7]

For simplification of presentation that « is a single variable a.
We show that we can rebuild a M%, derivation:

MS-Typ-S16-CoN
T'rP:C I't+S:AMa<t).C’ T'tC <C'lam 1] (2) Trr:k rrr<7 (3

TF(=P<S):C'[a 1]

All the premises but (3), hence including (2), follow by induction hypothesis. The remaining goal is
to show that the additional condition (3) actually follows from (2).
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For this purpose, we define [C]™, the positive declarations of a signature C, as the flattened list
of declarations in strict positive positions inside C (without entering inside generative functors or
module types), taken in the usual binding order, as follows:

[sig D end]* = [D]* (Structural signature)
Va.c, — c]t =Vva.[c]* (Applicative functor)
O—_1"=0 (Generative functor)
[module X : C]* = (module X : ©), [C]* (Submodule declaration)
[D]* =D (Other declarations)

Declarations inside applicative functors are universally quantified. A key observation is that a
signature in TSS form always contain the bound of its identity type among its positive declarations:

I'+S:Ma <1). = (module Val: 1) € [C]" Atype id=a € [C]*
I'+S:A(a < AB.1).c = Vp.(module Val: 1) € [C]* AVB.type id= (af) € [C]*

Crucially, all the instantiations we consider feature a TSS C” on their right-hand side. By construction,
subtyping between two signatures ¢ and C’ implies subtyping between declarations at any positive
occurrence in C and its corresponding declaration in C’. Ignoring applicative functors at first, this
gives:

rrc<c = v el[c']"Ipec]'. T+D<D

Therefore, there exists a declaration in the positive part of C that is a subtype of the explicit bound
of @, which appears in [¢’]*. That is,

3¢,. T + module Val: Cy < module Val:

This implies T' + Cy < 7. Using the invariant of the first step of the proof, we get I' + 7 < C,, which
implies (3) by transitivity of subtyping. This argument applies to the three typing rules. It extends to
higher-order declarations with universal quantification only adding universally quantified variables
in the typing context I'.

Typing rules MS-Typr-Mop-Ascr and MS-Typr-MoD-APPAPP.

The former is exactly the same as the previous case. For the latter, the only change if that the
bounded quantification A(a@ < 7’).C’ is being replaced by ¥Y(a < 7').C, — C’.

Subtyping Rule MS-Sus-Sic-AppFct. The same argument applies, just with an extended context.
Restricting again to only one type variable for readability, we need to rebuild a derivation in M%,
that ends with:

MS-SuB-S1G-ApPFCT
o' <7 vy < Cala 1] (4) Ia' <7’ r11 <7(5)

TrY(a<1).Ca—C V(' <)c)—

where all the premises but (5) follow by induction hypothesis.
As C, is a TSS, we have

sig type id = @ module Val: tend € [C,]"
Therefore, since « is not free in r,
sig type id = 7; module Val: tend € [C,la — 71]]*
Correspondingly, we must have in C,, for some signature o:

sig type id = 7o module Val: o end € [C.]" (6)
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Subtyping component by component, we have, since subtyping in non-variant on type fields in
general and identity type fields in particular:

L/ <t'ro<t A 11=1
The identity well-formedness invariant of (6) implies:
Id <t'rry<o

By transitivity of subtyping we get I', &’ < 7’ + 7y < 7, 1.e.,. (5), as expected.

MS-SuB-Si6-GEnFcr. We rebuild a derivation of the form
MS-SusB-S16-GENFcT
rLa<trC<(C'[@—7](7) TLas<7rn<T (8)

rr()—»3@<n.c<()—-3"@<7).C

The proof is similar to the previous case where (7) follows induction and (8) follows from (7) and
the fact that ¢’ is in TSS-form.

C ANCHORING

In the section, we detail of the anchoring anchoring algorithm. This assumes that we have instru-
mented the typing rules as described in [2, §4.2]. In particular,

o Typing contexts I' contain - marks that split it into a sequence of A’s;

o We used multi-applications @{a7) . . . (@) instead of a sequence of single applications ¢ (a7 . . . @)
to remember the successive solemnization steps.

e The tagging of some signatures C' to prevent their type declarations to be used as anchoring
points.

More precisely, the tagging ' of signatures (and declarations) is defined as follows:

_ (val x : ot = valx:r
(sigD end)t = sigDT end (typet=a)' = typet=a
(Va.cr— )" = Va.cr— G (type t = @@@) ... (@) = typet=0(@) ... @)’
(- 320 = 0-»3"act (module X : €)" = module X : ¥

(module type T =¢)" = module type T = ¢

That is, it recursively propagates through type declarations and signatures to mark type declarations
typet = 7 as typet = t', which will prevent them from being used as anchoring points, as the
premise of Rule A-Drcr-Ancror (see §C.3) requires ¢ to be (equal to) a type of the form ¢ (a7) . .. (&),
which can’t be a rg . We ignore first order types when marking, as we chose to not restrict their
anchoring points.

Rule A-Decr-AncrHor uses a predicate args(A) to retrieve the universal variables (o) . . . (@) from
A, ie., the sub-sequence of A compose of all (@;)’s that immediately precede a functor parameter
in A.

Finally, we change the typing rule for functor application to add a mark to the resulting signature:

M-TypP-MoD-ApPPAPP
T'vP:Va.Co— C TrP:c’ T+C' <clam 7] T+7:%

THP(P):cla— 7T

Remark. Type variables in I" are always treated abstractly, whether they originated from universal
or existential type variables. We do not distinguish them syntactically in I to avoid heavy notations.
However, universal variables are those appearing in sequences (@) that immediately precede a
functor parameter Y in I'. An intuition is that existentials are meant to be anchored while universal
cannot be anchored. Notice that args(A) is the sequence of universally quantified variables, hence,
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ignoring existentially quantified variables. Rule A-Sig-FcTArr is particular, as it contains two
premises that treat @ differently, that is, universally in the functor’s body C, but existentially while
typing the signature C, where they need to be anchored.

C.1 Anchoring of environments I'— 6
A-Env-DEcL A-ENvV-ARG A-ENV-ABS
A Y
I;0r+D<—D:0 T-@;0rFCq—Sq:0,4 dom(0) =« I — Or
I[LAD — 6rwo ILa,(Y:C)—6rwi, Ia — 6p
p
C.2 Signature anchoring I';orrC—5S:0
A-S1G6-STRPATH A-S1G6-STRNONE
— A — — A —
I;0r-D<—D:0 Ag¢gT I;0r-D<—D:6 A¢rl dom(0) =@
T;0r + sigD end L, sigyDend: A[A P] [;0r bsigDend < sigyDend: (@ _)

A-S1G6-FcTApp

Y
T-a;0r+Cq—Sq:0 dom(6,) =«
A-S16-FcTGEN r é ara (6a)

Fc _ _ A.Val(Y)
I'a;rrC—>S:(a—_) ILa,Y:Cq;0rwWlg+-C—>S:0
v— A.Val A.Val
Ir;orr()-»3'aCc——>()—>S:0 I;0rrYa.Cqo > C—— (Y:S,;) > S:AY.0
. . A
C.3 Declaration anchoring I';0r+rD—D:0
A-DECL-VAL A-DECL-ANCHOR
I;0rr7<>u ¢ ¢ dom(6r) el args(A) =a1; ... an
A A
I;6prvalx:t<> (valx:u): @ T-A;0rrFtypet=¢(ar)... (an) — typet =At: (P — At)
A-DECL-TYPE A-DEcL-Mop AX
I;0rr7<>u I;0prC——>5S:0
A A
I';0r+typet=17<— typet=u:9 T';0r - module X : ¢ <> moduleX :S: A0

AD E A-DEcL-MoDpTYPE
~DECL-EMPTY ILa;0rrC—>S:(a—_)

A
I';rr2—>2:2 A
T';0r + (module type T = A@.C) < module typeT =S: @

A-DECL-SEQ
A — A —
T';0r D —D:6; [LAD ;000 +D<—D:0y

— A —
T';0pD,D<—D,D:0; W06,

C.4 Anchoring of abstract types

A-TYPE-APPLICATION
T=¢(ry...)..{Th...) Or(¢) = AYg....AY,. Pt
ViE[[k,nﬂ.r;erl-‘[i’—)Pi.id u=0r(®)(Py)...(Pp) Thru:t

I;0rr7—>u
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C.5 Properties of anchoring
C.5.1 Proof of [2, Theorem 4.2]. We show by induction, when type equality in M® is taken up to
pn-equivalence:
I''A;6r-C—>S:0 Adom(f)=a AT — 6r
= T-A+S:A8.C" A C'[B— al(args(A)] =C

T-A;0r D <5D:0 A dom(6) =@ A T < 6
— T-A+D:ABD A D'[f — a(args(A)] =D
The proof is by structural induction on the anchoring derivation.

o A-Sig-FctGen: The conclusion of the rule is the signature anchoring judgment

Val
rAsorr()—3ac)os:o

Since the domain of the local map is empty, we justhave toshow ' A+ () —» S: () —» I"a.C ().
The premise of theruleisT'-A-@; 0r v C — S: (@ — _). By induction hypothesis, we have
F-ArS:AB.C’ (2)and C'[f — @] = C, since args(@) is empty, that is Af.C’ = A@.C.
Then (1) follows by M-Sic-GenFcr applied to (2).

o A-Sig-FcrArp: The rule is

A Val(Y
T-Ai0rFCa o Sai 0 (1) T-ABY:Casbpworc 5.0 (2

A.Val
T-A;0p -Va.Ca— C 5 (Y :S,) > S:AY.0

with dom(6,) = @. By IH applied to (1), we have I'- A +S, : Aa.C, (3) since args(@, @) is
empty. Let 7 be dom(6). By IH applied to (2), we have T- A, @, Y : Co F S: AB.C’ (4) with
C'[B + y(args(A),@))] = C (5), since args(A, @) is equal to args(A), @. By rule M-Typ-Sic-
ArpFcr applied to (3) and (4), we have:

T-AF(Y:S,) = S:AfVa.Co— C'[f— B (@)]

It remains to check that (V&.Ca —C' - (a)]) [f + T(args(A))] is equal to Va.C, — C,
which follows by composition of substitutions from (5), since ’ does not occur free in C,.
® A-S16-STrPATH and A-SiG-STRNONE are immediate by induction.
e For A-Dect-VarL, A-DeciL-Type, we may easily show thatT'; Op + 7 <> uimpliesT' Fu: 7.
A
In both cases, the conclusion is of the form ;0 + D < D : @, it sufficesto show T'- A +D: D (1).
A
In the case of A-Deci-Var, the conclusionis I'; 0r + val x : 7 < (valx : u) : @ and the premise
isT F u: 7, which implies T’  u : 7. Then, (1) follows by M-Typ-DEcL-VAL.
The case of A-Dect-Tyrk is similar.

e A-DEcL-Mop, A-DecL-MonTyre are immediate by induction.
e A-DEecL-ANcHOR: the conclusion of the rule is:

I'-A;6rFtypet=9¢{ay)...(an) N typet = At: (¢ — At)
By Rule M-Tyr-DecL-TyreAss, we haveI' - A - (typet = A.f) : Aa.type t = a. From the premises,

we know that ¢ € A and args(A) = @1; ... an. Hence, (type t = a)[@ > @ a7; ... ay] is
equal to type t = ¢{a7) ... (@ ), which is exactly the declaration we started with.
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e A-DEecL-SEQ: Writing the domain of 6; W 8, as dom(6; W 0,) = (a1, @), we have by induction
hypothesis:

T-ArD:AB1D] A D{[By > @ (args(A))] = Dy
T-AADD;:ABaD] A D)[B; > @y(args(A,AD))] =D,
First, we introduce Q)_Z" = Q)_z'[&l(args(A)) > f1]. Then, we show that
[-A+Dy,D;:AB1 B2 D], DY

The first premise is immediate by induction hypothesis. For the second one, we show by
induction that :

T-AADD;:ABsD] = T-A 1, AD’ +D;: AB2.D)
Secondly, we show that the substitution is valid. By definition, we have

args(A, A.D) = args(A)

As the declaration D] is well-formed in an environment that does not contain the BZ’ substi-
tuting for them does not change anything. Therefore, we have:

D{, Dy [, P > @i (args(A)), @z(args(A))]

= D{[B > @i (args(A))]. (D [B1 - T (args(A)]) [Bz - Fa(args(A))]
= D1, D;[ B2 - T2 (args(A))]

= Dy, D[ B2 — @r(args(A, A.D))]

=D, Dy

C.5.2  Proof of [2, Theorem 4.1]. We first prove that typed signatures are anchorable, then that the
result is equivalent to the signature we started with. We start with the following lemma:

LEMMA C.1 (SKOLEMIZATION LEMMA). Skolemizing a signature does not change its local anchoring:
- P — — = P
La-BA;6r+C—>S:0 = T-faA;0r+-C[f— f(a)] —>S:0

Proor. The key observation is that, from the source syntax, accessing local types does take into
account the depth of enclosing applicative functors. The two key rules are:

e A-Decr-Ancuor: when anchoring a type, the number of (list of) universally quantified parame-
ters n does not appear in the anchoring (nor in the resulting declaration).

e A-Type-AppLICATION: similarly, the first type arguments 7; to 7 are ignored. If the anchoring
point Or(®) is parameterized by only n — k arguments, adding another argument in front does
not change the anchoring.

]

For the first half, we show only that typed signatures are anchorable:
FrS:AaCAT >0 = IS.T-@;0rrC >SS :am—> _
We proceed by induction on the typing derivation of signatures and declarations:

o M-Tyr-S1G-MonTyre and M-Typ-Si-MopTypE are base-cases of the induction. We easily show
that the anchoring of the environment I" < 6r implies that stored module types are anchorable.

o M-Tyr-S1c-GenFcr and M-Typ-SiG-Str are immediate.

e M-Typ-Sig-AppFet: the induction hypothesis gives us that the signature of the core of the
functor is anchorable before the substitution of § for §’(«). Here, we use the skolemization
lemma.
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e M-Typ-Si6-Con: we first note that all type variables @ appear in C’. Then, as subtyping between
types is only defined by equality, all the types expressions 7 appear in C. As C is anchorable,
so are all its type components, making C’[@ +— 7] anchorable.

The second part is an immediate consequence of Theorem 4.2.

D SYSTEMF?®

In this section we give the definition of our version of F* extended with record types and predicative
kind polymorphism.

D.1 Environment and kind checking and

FT xgl 'k a¢l TF'rr:ix x¢rl
'-. — —
F T, FI,a:k Fh,x: 1
FT FT x€el Tk IFx' T,%Fk
T'Fx T'Fox IT'rFx—«' T'FVxx
D.2 Type checking
T'rFrix T'Fryixk TF'r7:% T FT a:kerl Ta:krr:%x
It > nix Tr{f:7}:% l'ra:x TFVY(a:x).7:%
Txbrr:% TLa:k+FT:% La:xkt:x
TFVYorr:x Fr3A%(a:x).t:% T'rAla:k).7:xk > K
F'rr:x -« | R Iurr:ik IF'r7:Vaux Trg
F'rrrpik Tk Ax.t:Vrx IF'Frgix[xm gl
D.3 Term typing
F-Var F-ABs F-Aprpr
FT x:7€Tl Ix:tre:T Tte:7' >1 They:7
Tkx:7 F'rA(x:1)e:r—> 1 Theje:T
F-RECORD F-Proy F-APPEND
Tre:r #(?) Fi—e:{[:r,t’lzrl} I'ker: {fl Tl} T'kes: {[2 Tg} E#E
F'r{t=e}:{t:1} F'ref:r T'te@ey:{fi:m.b:15}
F-Tarr F-Karp F-TaBs
IF're:Y(a:x).o T'rr:k F'te:Viut | N la:xre:t
Il'ter:o[r al IF'rec:t[x g I'-AMa:x).e:Y(a:x).t
F-Kass F-Pack
Ixre:r F'r3%(a:x).0:% Trr:x F're:o[t a]
T'rAx.e:Vout I+ pack{r,e) as 3" (a:«x).c: A" (a:x).0
F-Unrack

T're:A(a:x).T Ia:kx,x:Tkey:o T'o:x%

I+ unpack (a,x) =e;inex: o
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TE =
AY(E ).
Pack : N(a:x).Y(e )Pa > Exa¢
Seal s Vo Y(a:#).Y(® )JExa® - 3 a:x). Pa
Repack : V. V(a:x).Y(® )JExa¢ —
vy ).-(V(a:»).¢a > Ya) >Exay
Lift™ @ Vo V(a:»).Y(@ YYB:#).(BoErxa®) > Exa (Ma:#).p— ¢a)
Lift"  : Vo.VxeV(a ).V(9 ).
(V(p:w).Ex(ap) (?p) —»E a (Aa )-Y(B:w). ¢ B (af))
€0 =
Pack = Ao ). A(e )AMx:Pa).x
Seal = Aa: 7). A(® ).A(x : @ a).pack (a,x) as A" (a: %). P«
Repack = Al x). A(@ ). A(x @ ).
A(Y )A(f:¥(a:x). ba—Ya).(f ax)
Lift” = Ax.Ala:x).A(@ Y.AB:X)Af: (- Pa)).f
Lift" = Aa ).A(® ).A(x: (V(B:0).¢ B (ap))).x
10 = A Aa: ). A(@ ).¢a

eg = pack (7o, e9) as g

Fig. 12. Implementation of transparent existentials as a library in F* with (predicative) kind polymorphism
D.4 Encoding of transparent existentials

For reference, we remind the encoding of transparent existential types in Figure 12.

D.5 lift" operator

The operator lift* is defined as liftY”> where p and g represent the size of @ and °?, where lift:;p" is
itself inductively defined as follows:

lift)\7e £ repack” (a x) = lift” (lift"e) in lift] " x it e = liftY (Aa.lift” (e a))
lifty"e £ e lift"'e 2 e
D.6 Derived typing rules for transparent existentials
F-Hipe F-SEaL
F'r3"(a:x).o:x T're:ola 1] F're:3(a:x).0
T+ pack eas 3" (a:x).0: 3 (a:x).o I'rseale:3"(a:x).7
F-HIDDEN F-LIFTARR
Tte :3(a:x).o Ia:kx,x:Tkey:0 T're:o = 3" (a:x).0y
T + repack” (@, x) = ey iney: A"(a:x).0’ Trlift”e: 3 (a:x).0y = 0
F-LIFTALL

Tre:V(B:x).3"(a:x).o
T+ liftYe: 3B D7 (o Y.Y(B: ). ola— o f]

32p and q are left implicit in lift*e as they can be determined from the type of the argument e
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E ELABORATION RULES
E.1 Subtyping

E.1.1  Signature subtyping TrC<C' ™ f

E-Sus-Sig-STRUCT _ _ -
Dy C D THDy <D o f I’ = dom(D’)

T +sig D end < sig D’ end ~» Ax. {fp = f (x.fp)}

E-SuB-S16-GENFcT
LLarc<C'[a—T7]wf
F'+()—>3"a.c<()—»3a.C" w Ax.A_.unpack (@,y) = x () in pack (7, fy) as 3'a’.C’

E-SuB-S1G-ArpPFcT
La +C,<ClamTl~f TLTarcCla—T]<C wyg

THYa.C, = C<Ya'.C, - C' wlx:_ A& Ay :Cl.g(xT(fy))

E.1.2  Declaration subtyping ‘F FD <D’ wf‘
E-SuB-DECL-VAL E-SuB-DEcL-TYPE
I'F(valx:7) < (val x:7) » Ax.x T'F (typet =1) < (type t = 1) w> Ax.x

E-SuB-DEcL-Mobp
TrCc<C wf

T + (module X : ) < (module X : C") ~» f

E-SuB-DEcL-MoDpTYPE

LLarc<C' ~f LLarC' <C~wyg

T + (module type T = Aa.C) < (module type T = A@.C") » Ax.x

E.2 Typing
E.2.1 Module typing ’ FTEM:3"9.Cwe
E-Typ-MoD-ARG E-Typ-MoD-VAR
(Y:Cc)eT (A.X : modulec) eT
'rY:cwY I'rAX:Cw Ax

E-Typ-Mobp-ArprFcT o
IF'rS:Aa.C, [L&,Y:CavM: 37 (B).C we
Tr(Y:S)—M:3EN(B) Va.c, - C[B - F @] w lift (AZA(Y : Ca).e)

E-Typ-MoD-ApPPAPP
TFP:VYa.C, > C~~e TrP ' w e THC < Cila T w f

THP(P):Cla— 7] ~eT(fe)

E-Typ-Mobp-GeENFcT E-Tyr-MoD-GENAPP
F'eM:3"a.Ccwe T'tP:()—>3a.Ccwe
Tr()=M:() >3 @CwA:().e TrP():3GCwe()

E-Typ-MoD-Ascr
F+S:la.c TrP:C we TrC' <Cla-T]wf Tv7:¢

T+ (P:S):3"(@).C ~ pack feas 3" (q).C
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E-TYP-MOD-SEi\L E-TYP-MOD-STI{UCT
IT+M:375(@).C we I, B:3aDwe AgT
[+M:3'EC w seall® e T +structy Bend: 350’(.sig D end w e

E—TYP-MODﬁ-PROJ
I'+M:3a.sigD end w e module X : C €D o =fv(C)na

TeMX:30q.C w clean®(a, @’) (repack’ (@, x) = e in x.x)

Rule E-Typ-Mop-Proj, which performs garbage collection, uses a helper function clean®(@, f) e
defined as::

clean®(y@,yp)y e 2 repack’{a,x) = e in clean®(@, f) x
clean®(y@,y’f) e £ unpack® (@, x) = e in clean®(a@, yf) x

clean®(2,@)e 2 e

E.2.2 Binding typing FHB:Dwe
E-Typ-BIND-LET E-Typ-BIND-TYPE
T'rte:twe Tru:r
Ity (letx=¢e): (valx:7)w {f = e} 'k (typet =u): (typet =1)~ {f = (7))}

E-Typ-BIND-MoDTYPE
F'rS:Aa.C E-Typ-BIND-EMPTY

Tho:0w{}

T+, (module typeT =S) : (module type T = Aa.C) ~ {fr = (Aa.C))}

E-Typ-BiND-MoD )
[ M: a.cwme

Tk, (moduleX =M): (3507. module X : C) ~» repack® (@, x) = e in {fx = x}

E-Typ-BIND-SEQ )
I B:3"G@.Dwe  T,@,ADHB:3"H.Dwe

T+, B8 : 37, (D, D) w lift* @, x; = e; @ (let Aj, = x1.45, in ey))
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