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Disclaimer

I'm the least category-competent of the authors of this work.

Don't expect good answers to your categorical questions. Sorry!
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What is a bifibration?

One category living over another category, such that objects of the category above may
be pushed and pulled along arrows of the category below.
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A few examples (from logic and computer science)

1. The forgetful functor Subset — Set is a bifibration, where:

fr(Sc A =f(S) f(T<B)=FfYT)
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A few examples (from logic and computer science)

1. The forgetful functor Subset — Set is a bifibration, where:
FFScA)=FS) f(TcB =FfXT)
2. One-object C: a set S of states, and programs ¢ modeled as relations in S x S:
c
(1
S
D: objects are state predicates P, Q € P(S), and morphisms in P — Q are given
by programs c : S x S such that {P} c {Q}: V(x,y)ec, xeP — ye @
The forgetful functor from D to € has a bifibration

» ¢t P is the strongest postcondition of ¢ from P: {y | Ix € P, (x,y) € ¢}
» ¢ Q is the weakest precondition of ¢ from Q: {x|Vye Q, (x,y) € ¢}
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Problem

Given a functor, can we turn it into a bifibration in a universal way?
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Problem

Given a functor, can we turn it into a bifibration in a universal way?

This question has been relatively little-studied:
> R. Dawson, R. Paré, and D. Pronk (DPP). Adjoining adjoints. Adv. Mathematics, 2003.
> Francois Lamarche. Path functors in Cat. Unpublished, 2010. HAL-00831430.
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Free bifibration: intuition

Introduce “formal” push/pull along the arrows of C.
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Free bifibration: intuition

Introduce “formal” push/pull along the arrows of C.

D
X o€ Y

ol
“

/h

Some operations commute: non-trivial equivalence.
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Our work
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Our work

We propose a proof-theoretic construction of Bif(p), via sequent calculus: morphisms
are derivations modulo an equivalence relation, which

. correspond to cells in a certain double category of zigzags Z.C.

. can also be represented using string diagrams.

We use multi-focusing to give more canonical presentations of morphisms.

Under a condition coming from (DPP), maximal multi-focusing gives normal forms.

Finally, we found a couple nice examples of free bifibrations of a combinatorial nature.
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A sequent calculus for Bif(p)
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Formulas / objects

Bifibrational formulas S — A: S lies over A

XeD p(X)=A
XTC A

As diagrams: zigzags

(XeD)

SCA f:A->B

f:.A—-B TCB

ffScB

FTCA frg Y

T di

I
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Derivations / pre-morphisms

Axioms + inference rules o : S = T: «a:5— T liesover h:p(S)— p(T).

5:X—>YeD  pl)=f

57
5’7:X’7=f>Y"
a:T?T’ a:S =S
= Lg™ - ¢ Rft
fa:FFT=T g af:§=ftS§S RF
f.'g ef
a:S=T a:S=T
fg " g Ro—
f\goz:iﬂ'$:>TUr 06f/§15:f>g_7— &
g
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Derivations / pre-morphisms
Axioms + inference rules o : S = T: «a:5— T liesover h:p(S)— p(T).

0: X—>YeD p(d) =f . . LI,
5’7:X’7=f>Y" 0 f
a:T?T’ ) it a:5/:e>5 -
= — & Ret
fa:f T=—T & Tf H af:S=—frS Rf H fl
fg s ef .
fg ef
a:S=T f) a:'S=—T .
fg . g fg Ro fe
f\goz:iﬂ'$:>TUr lf H ar/g8:S=g T £ H p 4
g T> f — .
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Permutation equivalences

(f.a).h ~ f.(c.h) for ac over g (1)

(F\g @).h ~ f\gp (ax.h) for o over fg (2)
(f.q) g/ h ~ f.(a g/ h) for v over gh (3)
(F\gh @) g/ h ~ F\g (a gg/ h) for « over fgh (4)

(reminiscent of Lambek calculus)
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String diagrams

-
-
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Identity and Composition
Identity (induction on the formula):

idxs %< (idy)” ids s 2 F\ig, (ids . F) idy- 7 < (7.1d7) 105/ B
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Identity and Composition
Composition is cut-elimination:

a:5:g>T 5:T:h>U
a-f:5S= U
gh
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Identity and Composition
Composition is cut-elimination:

a:5=T 6:T=U
g h

Principal cuts:

o
@
N
—
(=)
@)}
~
3

oM. €N =
(@h-(Fnp) <«
(ag/T)-(F.B) «

o
e,
e 9
= @
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Identity and Composition
Composition is cut-elimination:

a:5=T 6:T=U
g h

a-f:5S= U
gh
Principal cuts:
51 . €n et 5 e
(@h-(Fwp) € a-p
(ag/f)-(FB € a-p
Commutative cuts:
(fa)- B F(a-p) a-(B.) ¥ (a-B).f
(Fea) B € Fgnlap) a-Bu/F (0B g/ F

Note: ambiguous cases up to equivalence.
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Putting it all together

Let Bif(p) be the category whose objects are bifibrational formulas and whose arrows
are (~)-equivalence classes of derivations, with composition defined by cut-elimination.

Let A, be the functor Bif(p) — C sending (SC A) to Aand (a: S = T) to f.

Theorem. A, : Bif(p) — € is the free bifibration on p: D — €.
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Multi-focusing
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Rigid proof structure: invertible and non-invertible rules.

>

= A = A
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Invertibility

Invertible, non-invertible rules (from conclusion to premises).

a:S=T - a:S=T -
s A il
f\goz:erS:TL g af/g:S=g T £ f
g L2 s f s
OZZT:T, i} O[:SI:S *e>
e
fa:fFT=T o a.f: S = f+S of
fg L. ef .
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Polarized formulas

w07 = (fo,....F) non-empty sequence of composable arrows
Ssa = Ps, ‘ N,
Pss = X" | T Ns,
N, X" | 7 Ps,
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Multi-focused rules

y: X—->YeD p(d) =f

0"
(5’7:X77:f>Y”
am:N=P am:N=—=P am;N:P
f nfo D fp —
I_f]'r+ — ¥ — L7TRU Ro'
W\fam:ﬂ'JrN?P W\Oéfm//)iﬂ N:f>UP amf/ﬁ:N=f>p*P
am: P= Q am:P=—=N am:N=—=M
f L f o f .
— — T — — - L7 Ro - Ro
T.0m:T™ P=—= Q T.omo.:7m P=oc" N amo  N= o M
7f nfo fo

+ normal forms via a confluent rewrite system, under a DPP condition
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Now for some examples!
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Example #1

1
Consider the following functor: pl
2

0—F-1

Puzzle: what is the free bifibration over p? Hmm...
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Example #1

f

1
Consider the following functor: pl
2 0——1

Puzzle: what is the free bifibration over p? Hmm...
Objects in Bif(p)o are isomorphic to even-length sequences S=f fF...f 0

What are the arrows over 07
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One morphism 2 — 1

0—=o0d

R

0 =j?> 0

Fo—ro "
idy

f~ft0 =7$'f%’0

+
Frffro=—fo —

idy 3 \
f‘f*f‘f*O?erOLf |

ey L

ido
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Two morphisms 1 — 2

idO —_—

0=0
R |
0=f>f+0 \\
o=t
. .
OzjﬁfﬁﬁRf
#ozﬁﬁrw+0” =~ﬂ

e LF |
FFo—fffo
wﬁLﬂ

0= f ff o
ido

0— 0 90
R
0 =j?> 0
Fo—ro "
idy

~ft0 :jf> fro

Lf-

FFo—fron
idg

Fﬁ%:ﬁfﬁo

FﬁM?FﬁFﬁO

|

\\Q
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Three morphisms 2 — 2

T F 0= f 0
ido



Punchline #1

Arrows (f~ fF)™0 — (f~ )"0 in Bif(p)o correspond to monotone maps m — n!

Indeed, the push-pull adjunction captures the adjunction

between the category A of finite ordinals and order-preserving maps, and the category
A of non-empty finite ordinals and order-and-least-element-preserving maps.
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Example #2

Now consider the following functor:

1 0
g
N 0 1 2

Build the free bifibration Bif(p) — N, and look at the fiber of 0.

Puzzle: what are its objects?
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A category with Dyck walks as objects!

o =

But what is a morphism of Dyck walks??

The Bif(—) construction gives an answer. Is it something natural /known?
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Reconstructing the Batanin-Joyal category of trees

Dyck paths have a well-known, canonical bijection with (finite rooted plane) trees.

Trees may also be encoded as functors T : NP — A.

_— e W (D N\
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Reconstructing the Batanin-Joyal category of trees

Consider natural transformations 6 : S = T.

In other words, map nodes to nodes of the same height, respecting parents.
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Punchline #2

Theorem: Bif(p: 1 — N)g = PTree.

DN

(More generally, Bif(p)x =~ PTree, = category of finite rooted plane trees whose
rightmost branch is pointed by a node of height k.)
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Summary

We have a clean and simple proof-theoretic construction of free bifibrations, with
complentary algebraic & topological perspectives.

Normal forms characterized, under a DPP condition, by maximal multi-focusing.

Some surprisingly rich combinatorics emerges as if out of thin air.

Z
o
=
N
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Thanks !

Questions ?
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A category C is factorization preordered if for any diagram of composable arrows of

the form

h

if both fg = fh and gk = hk then necessarily g = h. Equivalently, C is factorization
preordered just in case every commuting square has at most one diagonal filler:
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