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A Meta-Language for Ornamentation in ML
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Ornaments are a way to describe changes in datatype definitions that preserve their recursive structure, reorganizing, adding,
or dropping some pieces of data so that functions operating on the bare definition can be partially and sometimes totally
lifted into functions operating on the ornamented structure. We propose an extension of ML with higher-order ornaments,
demonstrate its expressiveness with a few typical examples, study the metatheoretical properties of ornaments, and show
their elaboration process. We introduce a meta-language above ML in which we can elaborate a most generic lifting of bare
code, so that ornamented code can then be obtained by instantiation of the generic lifting, followed by staged reduction and
some remaining simplifications. We use logical relations to closely relate the ornamented code to the bare code.
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1 Introduction

Inductive datatypes and parametric polymorphism were two key features introduced in the ML family of languages
in the 1980’s, at the core of the two popular languages OCaml and Haskell. Datatypes stress the algebraic structure
of data while parametric polymorphism allows to exploit universal properties of algorithms working on algebraic
structures.

Datatype definitions are inductively defined as labeled sums and products over primitive types. This restricted
language allows the programmer to describe, on the one hand, these recursive structures and, on the other hand,
how to populate them with data of either primitive types or types given as parameters.

Datatypes can be factorized through their recursive structures. For example, the type of leaf binary trees
and the type of node binary trees both share a common binary-branching structure and are isomorphic but
functions operating on them must be defined independently. Having established the structural ties between
two datatypes, one soon realizes that both admit strikingly similar functions, operating similarly over their
common recursive structure. Users sometimes feel they are repeatedly programming the same operations over
and over again with only minor variations. The refactoring process by which one adapts existing code to work
on another, similarly-structured datatype requires non-negligible efforts from the programmer. Can this process
be automated?

The strong typing discipline of ML is already very helpful for code refactoring. When modifying a datatype
definition, it points out all the ill-typed occurrences where some rewriting ought to be performed. However,
while in most cases the adjustments are really obvious from the context, they still have to be manually performed,
one after the other. Furthermore, changes that do not lead to type errors will be left unnoticed.

Our goal is not just that the new program typechecks, but to carefully track all changes in datatype definitions
to automate most of this process. Besides, we wish to have some guarantee that the new version behaves
consistently with the original program except for the code that is manually added.

The recent theory of ornaments [3, 4] is the right framework to tackle these challenges. It defines conditions
under which a new datatype definition can be described as an ornament of another. In essence, a datatype
ornaments another if they both share the same recursive skeleton.
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Williams et al. have already explored the interest of such an approach and exploited the structural ties relating
a datatype and its ornamented counterpart [16]. In particular, they have demonstrated how functions operating
only on the structure of some datatype could be semi-automatically lifted to its ornamented version.

We build on their work, generalizing and especially formalizing their approach. As them, we also consider an
ML setting where ornaments are a primitive notion rather than encoded. To be self-contained we remind a few
typical uses of ornaments in ML, mostly taken from their work, but also propose new ones.

Our contributions are the following: we extend the definition of ornaments to the higher-order setting and
give them a semantics using logical relations, which allows to maintain a close correspondence between the bare
code and the lifted code; we propose a principled approach to the lifting process, introducing an intermediate
meta-language above ML in which lifted functions have a most general syntactic elaborated form, before they are
instantiated into concrete liftings, reduced, and simplified back to ML code. Although designed as a tool, our
meta-language is a restricted form of a dependently-typed language that keeps track of selected branches during
pattern matching and could perhaps also be useful for other purposes.

The rest of the paper is organized as follows. In the next section, we introduce ornaments by means of examples.
The lifting process, which is the core of our contribution is described intuitively in section §3. We introduce
the meta-language in §4 and present its meta-theoretical properties in §5. We introduce a logical relation on
meta-terms in §6 that serves both for proving the meta-theoretical properties and for the lifting elaboration
process. In §7, we show how the meta-construction can be eliminated by meta-reduction. In §8, we give a formal
definition of ornaments, based on a logical relation. In §9, we describe the lifting process that transforms a lifting
declaration into actual ML code, and we justify its correctness. We discuss a few other issues in §10 and related
works in §11.

2 Examples of ornaments

Let us discover ornaments by means of examples. All examples preceded by a green vertical bar have been
processed by a prototype implementation', which follows some OCaml-like? syntax.

Output of the prototype appears with a wider red vertical bar, and only differ from the output of the prototype
by a-conversion®. The code that appears without a vertical mark is internal intermediate code for sake of
explanation and has not been processed.

2.1 Code refactoring

The most striking application is perhaps code refactoring, which is often an annoying but necessary task when
programming. We start with an example where refactoring is isomorphic, reorganizing a sum data structure
into a sum of sums. Assume given the following datatype representing arithmetic expressions, together with an
evaluation function.

type expr = let rec eval a = match a with
| Const of int | Consti — i
| Add of expr = expr | Add (u, v) — add (eval u) (eval v)
| Mul of expr = expr | Mul (u, v) — mul (eval u) (eval v)

The programmer may realize that Add and Mul are two binary operators that can be factorized, and thus prefer
the following version expr' using an auxiliary type of binary operators (left-hand side). There is a bidirectional

! Available at url http://pauillac.inria.fr/~remy/ornaments/.
2http://caml.inria.fr/
3In the future, the prototype could be instrumented to choose more pertinent names for variable that are introduced by ornamentation.
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mapping between these two datatypes, which may be described as an ornament (right-hand side):

type binop = Add' | Mul' type ornament oexpr : expr — expr' with
type expr' = | Consti — Const' i

| Const' of int | Add (u, v) — Binop' (Add’, u, v)

| Binop' of binop « expr' « expr' | Mul (u, v) — Binop' (Mul', u, v)

The compiler now has enough information to automatically lift the old version of the code to the new version.
let eval' = lifting eval : oexpr — _

The expression 0expr — _ is an ornament signature, which follows the syntax of types but replacing type
constructors by ornaments. (The wildcard is part of the ornament specification that may be inferred; it could
have been replaced by int, which is an abstract type and is not ornamented, so we may use int in place of an
identity ornament.)ere, the compiler will automatically compile eval' to the expected code, without any further
user interaction:

let rec eval' a = match a with
| Const'i — i
| Binop' (Add', u, v) — add (eval' u) (eval' v)
| Binop' (Mul', u, v) — mul (eval' u) (eval' v)

Not only this is well-typed, but the semantics is also preserved—by construction. Notice that this code refactoring
also works in the other direction: we could have instead started with the definition of eval', defined the reverse
ornament from expr' to expr, and obtained eval as a lifting of eval'.

Lifting also works with higher-order types and recursive datatype definitions with negative occurrences. For
example, we could have extended arithmetic expressions with nodes for abstraction and application:

type expr = ... | Abs of (expr — expr) | App of expr » expr

and the lifting of expr into expr would also recursively lift the type expr — expr into expr' — expr' (this example
is detailed in the extended version).

Although this is a simple example of refactoring where no information is added to the datatype, more general
refactoring can often be decomposed into similar isomorphic transformations that do not lose any information,
and other transformations as described next that decorate an existing node with new pieces of information.

2.2 Code refinement
As explained in the introduction, many data-structures have the same recursive structure and only differ by the
other (non-recursive) information carried by their nodes. For instance, lists can be seen as an ornament of Peano
numerals:

typenat=2Z] S of nat type ornament 'a natlist: nat — 'a list with

type 'a list = Nil | Cons of 'a» 'a list | Z— Nil

| Sm — Cons (_, m)

The ornament is syntactically described as a mapping from the bare type nat to the lifted type 'a list. However,
this mapping may be incompletely determined, as is the case here, since we do not know which element to attach
to a Cons node coming from a successor node. (The ornament definition may also be read in the reverse direction,
which defines a projection from 'a list to nat, the length function! but we do not use this information hereafter.)
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The addition on numbers may have been defined as follows (on the left-hand side):

let rec add m n = match m with let rec append m n = match m with

| Z—n | Nil - n

| Sm'— S (add m'n) | Cons (x, m") — Cons(x, append m'n)
val add : nat — nat — nat val append : ‘a list — 'a list — 'a list

Observe, the similarity with append, given above on the right-hand side. Having already recognized an ornament
between nat and list, we expect append to be definable as a lifting of add:

let append, = lifting add : _ natlist — _ natlist — _ natlist
However, this returns an incomplete skeleton:

let rec appendy m n = match m with
| Nil »n
| Cons (x, m') — Cons (#2, append, m' n)

Indeed, this requires to build a cons node from a successor node, which is underdetermined. This is reported to
the user by leaving a labeled hole #2 in the ornamented code. The programmer may use this label to provide a
patch that will fill the hole in the skeleton. The patch may use all bindings in context, which are the same as the
bindings already in context at the same location in the bare version. In particular, the first argument of Cons
cannot be obtained directly, but only by pattern matching again on m:

let append = lifting add : _ natlist — _ natlist — _ natlist
with #2 « match m with Cons(xy, ) = Xo

The lifting is now complete, and produces exactly the code of append given above. The superfluous pattern
matching in the patch has been automatically removed: the patch “match m with Cons(x,,-) — X,” has not just
been inserted in the hole, but also simplified by observing that X, is actually equal to x and need not be extracted
again from m. This simplification process relies on the ability of the meta-language to maintain equalities between
terms via dependent types, and is needed to make the lifted code as close as possible to manually written code.
This is essential, since the lifted code may become the next version of the source code to be read and modified by
the programmer. This is a strong argument in favor of the principled approach that we present next and formalize
in the rest of the paper.

Although the hole cannot be uniquely determined by ornamentation alone, it is here the obvious choice: since
the append function is polymorphic we need an element of the same type as the unnamed argument of Cons, so
this is the obvious value to pick—but not the only one, as one could also look further in the tail of the list. Instead
of giving an explicit patch, we could give a tactic that would fill in the hole with the “obvious choice” in such
cases. However, while important in practice, this is an orthogonal issue related to code inference which is not
the focus of this work. Below, we stick to the case where patches are always explicit and we leave holes in the
skeleton when patches are missing.

While this example may seem anecdotal, and is chosen here for pedagogical purposes, there is actually a strong
relation between recursive data-structures and numerical representations at the heart of several works [8, 12].

2.3 Global compilation optimizations

Interestingly, code refactoring can also be used to enable global compilation optimizations by changing the
representation of data structures. For example, one may use sets whose elements are members of a large sum

datatype 77 = 5iJA j »keK (A of 11) where 77 is the sum =/¢/ A j, say 7j containing a few constant constructors
and g are the remaining cases. One may then chose to split cases into two sum types 7; and rx and use the
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isomorphism 77 set ~ 7 set X 7k set to enable the optimization of 7; set, for example by representing all cases
as an integer—when [J| is not too large.

2.4 Hiding administrative data

Sometimes data structures need to carry annotations, which are useful information for certain purposes, not
at the core of the algorithms. A typical example is location information attached to abstract syntax trees for
reporting purposes. The problem with data structure annotations is that they often obfuscate the code. We show
how ornaments can be used to keep programming on the bare view of the data structures and lift the code to
the ornamented view with annotations. In particular, scanning algorithms can be manually written on the bare
structure and automatically lifted to the ornamented structure with only a few patches to describe how locations
must be used for error reporting.
Consider for example, the type of A-expressions and its evaluator:

type expr = let rec eval e = match e with
| Abs of (expr — expr) | App (u,v) —
| App of expr = expr (match eval u with Some (Abs f) —» Some (f v)
| Const of int | - — None)

| v — Some (v)

To add locations, we instrument the data-structure as follow, which we declare as an ornament of expr”:

type loc = Location of string » int » int type ornament add_loc : expr — expr' » loc with
type expr' = | Absf — (Abs'f, _)

| App' of (expr' = loc) « (expr' = loc) | App (U, v) — (App' (u, v), )

| Abs' of (expr' « loc — expr' » loc) | Consti — (Const'i, _)

| Const' of int

We define a datatype for results which is an ornament of the option type:

type (‘a, 'err) result = type ornament ('a, 'err) optres :
| Ok of 'a 'a option — ('a, 'err) result with
| Error of 'err | Some a— Oka

| None — Error _
If we try to lift the function as before:
let eval_incomplete = lifting eval : add_loc — (int, loc) optres
The system will only be able to do a partial lifting

let rec eval_incomplete e = match e with
| (Abs'x, x') —» Oke
| (App'(x, X'), x") —
begin match (~ _2 +) eval_incomplete x with
| Ok (Abs'x, x") — Ok (x x')
| Ok (App'(x, x'), x") — Error #6
| Ok (Const'x, x') — Error #4
| Error x — Error #11
end
| (Const'x, x') — Oke
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Indeed, in the erroneous case eval' must now return a value of the form Error (...) instead of None, but it has
no way to know which arguments to pass to the constructor, hence the holes labeled #6, #4, and #11 in the three
error cases. Notice that the prototype has exploded the wild pattern _ to consider all possible cases at occurrences
that have been scrutinized in another branch, and thus requires patches in three cases. Two of these patches are
actually different depending on whether the recursive call to eval_incomplete succeeds.

To complete the lifting, we provide the following patch:

let eval_loc = lifting eval : add_loc — (int, 'loc) optres with
| #4,#6 «— (match e with(_loc) — loc)
| #11 « (match x with Error(e) — e)

We then obtain the expected complete code:

let rec eval_loc a = match a with
| (Abs'f, ) - Oka
| (App' (u, V), loc) —
begin match eval_loc u with
| Ok (Abs'f, _) — Ok (f v)
| Ok (App'(, =), -) — Error loc
| Ok (Const' _, _) — Error loc
| Error x — Error x
end
| (Const'i, ) -» Oka

Common branches could actually be refactored using wildcard abbreviations whenever possible, leading to the
following code, but this has not been implemented yet:

let rec eval_loc a —» match a with
| App' (u, v), loc —
begin match eval_loc u with
| Ok (Abs f, loc) — Ok (f v)
| Ok (-, ) — Error loc
| Error loc' — Error loc'
end
| - —>Oka

While this example is limited to the simple case where we only read the abstract syntax tree, some compilation
passes often need to transform the abstract syntax tree carrying location information around. More experiment
is needed to see how viable the ornament approach is. This might be a case where appropriate tactics for filling
the holes would be quite helpful.

This example suggests a new use of ornaments in a programming environment where the bare code and lifted
code would be kept in sync, and the user could switch between the two views, using the bare code for the core of
its algorithm that need not see all the details and the lifted code only when necessary.

Other uses of ornaments can also be found in prior works [16].
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3 Overview of the lifting process
3.1 Encoding ornaments

Ornamentation only affects datatypes, so a program can be lifted by simply inserting some code to translate from
and to the ornamented type at occurrences where the base datatype is either constructed or destructed in the
original program.

We now explain how this code can be automatically inserted by lifting. For sake of illustration, we proceed in
several incremental steps.

Intuitively, the append function should have the same recursive schema as add, and operate on constructors
Nil and Cons similarly to the way add proceeds with constructors S and Z. To make this correspondence
explicit, we may see a list as a nat-like structure where just the head of the list has been transformed. For that
purpose, we introduce an hybrid open version of the datatype of Peano naturals, using new constructors Z' and
S' corresponding to Z and S but remaining parameterized over the type of the tail:

type 'a natskel =Z' | S' of 'a

Notice that nat_skel is just the type function of which type nat is the fix-point—up to the renaming of constructors.
We may now define the head projection of the list into 'a nat_skel* where the head looks like a number while
the tail is a list:

let proj_nat.list = fun m # match m with
| Nil »2Z
| Cons(, m)—>S m
val proj_nat_list : 'a list — 'a list nat_skel

We use annotated versions of abstractions fun x # a and applications a#b called meta-functions and meta-
applications to keep track of helper code and distinguish it from the original code, but these can otherwise be
read as regular functions and applications.

Once an 'a list has been turned into 'a list nat_skel with this helper function, we can pattern match on
a list nat_skel in the same way we matched on nat in the definition of add. Hence, the definition of append
should look like:

let rec append; = fun m n — match proj_nat_list # m with
| Z >n
| S'm — ... S' (append; m'n) ...

In the second branch, we must return a list out of the hybrid list-nat skeleton S' (append m' n). Using a helper
function:

| ' m'— cstr_nat.list ; (S'(append m'n)) ...
Of course, cstr_nat_list requires some supplementary information X to put in the head cell of the list:

let cstr_nat_list = fun n x # match n with

| Z' = Nil
| S' n" - Cons (x, n")
val cstr_nat_list : ‘'a list nat_skel — '‘a — 'a list

As explained above, this supplementation information is (match m with Cons (x, -) — x). and must be user
provided as patch #1. Hence, the lifting of add into lists is:

40ur naming convention is to use the suffix _nat_list for the functions related to the ornament from nat to list .
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let rec append; = funmn —
match proj_nat_list # m with
| Z' - n
| S' m'— cstrnatlist # (S'(append, m' n)) # (match m with Cons (x, .) — x)

This version is now correct, but not final yet, as it still contains the intermediate hybrid structure, which will
eventually be eliminated. However, before we see how to do so in the next section, we first check that our schema
extends to more complex examples of ornaments.

Assume, for instance, that we also attach new information to the Z constructor to get lists with some information
at the end, which could be defined as:

type ('a,'b) listend = Nilend of 'b | Consend of 'a« ('a, 'b) listend

We may write encoding and decoding functions as above:

let proj_nat_listend = fun | — match | with let cstr_natlistend = fun n X — match n with
| Nilend . —» Z' | Z' — Nilend x
| Consend (_I') - S' I | S' I' - Consend (x,I')

However, a new problem appears: we cannot give a valid ML type to the function cstr_nat_listend, as the
argument X should take different types depending on whether n is zero or a successor. This is solved by adding
a form of dependent types to our intermediate language—and finely tuned restrictions to guarantee that the
generated code becomes typeable in ML after some simplifications. This is the purpose of the next section.

3.2 Eliminating the encoding
The mechanical ornamentation both creates intermediate hybrid data structures and includes extra abstractions
and applications. Fortunately, these additional computations can be avoided, which not only removes sources
of inefficiencies, but also helps generating more natural code with fewer indirections that looks similar to
hand-written code.

We first perform meta-reduction of append, which removes all helper functions (we actually give different
types to ordinary and meta functions so that meta-functions can only be applied using meta-applications and
ordinary functions can only be applied using ordinary applications):

let rec append; =funmn —
match (match m with | Nil - Z'| Cons (x, m') —» S' m') with
|Z'—>n
|S'm—b
where b is (graying the dead branch):
match S'(appends; m' n) with

| Z' —> Nil
| S' r' — Cons ((match m with Cons(x, ) — x), ')

Still, appends computes two extra pattern matchings that do not appear in the manually written version append.
Interestingly, both of them can still be eliminated. Extruding the inner match on m in appends, we get:

let rec append; = funmn —
match m with
| Nil - (match Z'withZ' - n|S" m' —> D)
| Cons (x,m") » (match S'm'withZ'—>n|S'm'— b)
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Since we learn that m is equal to Cons(x,m") in the Cons branch, the expression b simplifies to Cons(x, append m' n).
After removing all dead branches and useless pattern matching, we obtain the manually-written version append:

let rec append =funmn —
match m with
| Nil - n
| Cons (a, m") — Cons (a, append m' n)

3.3 Inferring a generic lifting

We have shown a specific ornamentation append of add. However, instead of producing such an ornamentation
directly, we first generate a generic lifting of add that is abstracted over all possible instantiations and patches,
and only then specialize it to some specific ornamentation by passing the encoding and decoding functions as
arguments, as well as a set of patches describing how to generate the additional data. All liftings that follow the
syntactic structure of the original function can be obtained by instantiating the same generic lifting.

Let us consider this process in more details on our running example add, which we remind below.

let rec add = fun m n — match m with
| Z—n
| Sm'— S(add m'n)

There are two places where add can be generalized: the pattern matching on m, and the construction S(add m' n)
in the successor branch. We do not generalize the base case because we want to preserve the syntactical structure
of add. The ornamentation constraints are analyzed using a form of elaborating type inference, by simultaneously
inferring ornaments and inserting the corresponding code transformations: we infer that m can be replaced by
any ornament nat_ty of naturals, which will be given by a pair of functions mp,o; and M, to destruct nat_ty into
a nat_skel and construct a nat_ty from a nat_skel, respectively; we also infer that n and the result must be the
same ornament of naturals, hence given by the other pair of functions N, and N, We thus obtain a description
of all possible syntactic ornaments of the base function, i.e. those ornaments that preserve the structure of the
original code:

let add_gen = fun myo; Mestr Nproj Nestr P1 72
let rec add_gen' = fun m n — match my; # m with
| Z' - n
| S''m' — ne # S'(add_gen' m' n) # (p; # add_gen'# m # m' # n)
in add_gen'

Notice that since m is only destructured and n is only constructed, Mcst, and Ny are unused in this example, but
we keep them as extra parameters for regularity of the encoding.

Finally, the patch p; describes how to obtain the extra information from the environment, namely add_gen,
m, n, m', when rebuilding a new value of the ornamented type. While Myo;, Mcstr, Nproj, Nestr parameters will be
automatically instantiated, the code for patches will have to be user-provided. The generalized function abstracts
over all possible ornaments, and must now be instantiated by some specific ornaments.

For a trivial example, we may decide to ornament nothing, i.e. just lift nat to itself using the identity ornament
on nat, which amounts to passing to add_gen the following trivial functions:

let proj_nat_nat = fun x # let cstr_nat_nat =funx () #
matchxwithZ —>2Z'|Sx— S'x matchxwithZ' - Z|S'x - Sx
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There is no information added, so we may use this unit_patch for p; (the information returned will be ignored
anyway):

let unitpatch =fun__ _ _ # ()
let add; = add_gen # proj_nat_nat # cstr_nat_nat # proj_nat_nat # cstr_nat_nat # unit_patch

As expected, meta-reducing add; and simplifying the result returns the original program add.
Returning to the append function, we may instantiate the generic lifting add_gen with the ornament between
natural numbers and lists with the following patch:

let append_patch = fun _m _ _ #» match m with Cons(x, ) — x
let appends = add_gen # proj_nat_list # cstr_nat_list # proj_nat_list # cstr_nat.list # append_patch

Meta-reduction of appends gives append,. which can then be simplified to append, as explained above.

Besides sharing the same generic code for different ornaments of the base type, the generic code also helps
relate the original code and the ornamented one: we use a parametricity result to prove that add; and appends
are related by ornamentation. We then show they can be simplified into add and append, respectively, hence
respecting the (observational) equivalence on both sides. This in turn proves that add and append are in an
ornamentation relation.

The generic lifting is not exposed as is to the user because it is not convenient to use directly. Positional
arguments are not practical, because one must reference the generic term to understand the role of each argument.
We can solve this problem by attaching the arguments to program locations and exposing the correspondence in
the user interface. For example, in the lifting of add to append shown in the previous section, the location #1
corresponds to the argument p;.

Patches can be automatically inferred in some cases: some patches are trivial such as the unit patch in the
lifting of add to itself, and some other patches disappear because they are located in a dead branch.

3.4 Local lifting and ornament specifications

A lifting definition comes with an ornament signature which is propagated during the elaboration to choose the
appropriate ornaments and liftings of other types appearing in the definition. This process will be described
in §9. However, this mechanism is not always sufficient for specifying all ornaments. In particular, it cannot
describe the ornament of types of subexpressions used for auxiliary computations that do not appear in the type
of the whole expression. In such cases, the elaboration is incomplete or fails and additional information must
be provided as additional lifting rules. We may tell the elaboration to choose natlist whenever an unspecified
ornament of nat is needed. A common situation is to use the identity ornament by default (if no other rule
applies).

During elaboration, required liftings are chosen in the environment of already existing ones. Even when the
ornament type is fully determined, a lifting may be required at some type while none or several® are available. In
such situations, lifting information must also be provided as additional rules.

4 Meta ML

As explained above (§3), we elaborate programs into an extended meta-language mML that extends ML with
dependent types and has separate meta-abstractions and meta-applications. We describe mML as an extension
of ML in two steps: we first enrich the language with equality constraints in typing judgments, obtaining an
intermediate language eML. We then add meta operations to obtain mML. Our design is carefully crafted so that
programs that have an mML typing containing only eML types can be meta-reduced to eML (Theorem 5.38).
Moreover, under additional conditions, these can be simplified into ML programs (§7). It is also an important

SIndeed, there may be two lifting of the same function with the same ornament but different patches.
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° 't :Typ Trzw:Typ I't7:Typ Ia:kt+7:Sch

6 _

. 'ttt - n:Typ I'7:Sch I'+VYea:Typz:Sch

i Fig. 1. Kinding rules for ML

10

]; a,b == x|letx=ainal|fix(x:7)x.alaa

13 ko u= Typ | Sch _ | A(e:Typ).ular|d7 a | match awith P - a
» 7,0 s= a|t—=7|{T |V(x:Typ) T = dT X

15 _ == f )

. [ 2= 0|T,x:7|T,a:Typ d”_'_ﬁx(f“”)x-“

- ¢ = unit | bool | nat | list | ... =x|dtu|fix(x:7t)x.alut|A(ax:k).u

s | let x =u inu | match u with P - u

19

20 Fig. 2. Syntax of ML

21

22 VAR TABs TArp

23 FT x:0€T Fa:Typru:o I'rtz:Typ Tra:VY(a:Typ)o
2 T'tx:o I't Aa : Typ). u:V(a : Typ) o IF'rar:ola « 1]

25

26 Frx Arp

. I'x:n—>n,y:mka:n Trb:ry Tra:mq—on

28 IFrfix(x:y > w)y.a:0 =10 F'tab:n

29 LET-MoNO LeT-Pory

30 Ttz :Typ Tra:t' Tx:t/,x=parb:r T'to:Sch Tru:0 Tx:ox=subrb:r
:l) IF'tletx=ainb:t Ftletx=uinb:r

33 CON . . . ..

34 Fd:Y(a;j:Typy (;)) >t Trg:Typy ([Tra:zla <))

35 T +d(g) (a;) : tla; « 7

:(j MaTcH ) A

T ChriSch  (di ¥ : Typ)* (r) = £ (@) |

2 Tra:d(m)* (T (s tylar — )Y, a =¢ (¢ dinip)* (xij) F b 2 1)

10 T + match a with (d;(z;1)* (x;;)) = b)) : 7

41

42 Fig. 3. Typing rules of ML (and eML in gray)

43

44

! ) aspect of our design that mML is only used as an intermediate to implement the generic lifting and the elaboration
10 process and that lifted programs eventually falls back in the ML subset.

47
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E == 1[]|EalvE|d(v,..v,E,a,..a) | A(e : Typ). E| E 7 | match E with P > a |letx=Eina

(fix(x:1)y.a) v —>Z alx «—fix(x:7)y. a,y « v]
(A : Typ).v) T —>g v[a « 1] CONTEXT—}]?ETA
letx=vina —>Z afx « v] @ 7p b
match d; 7; (v;)" with (d; 7j (xj;)" — a;) —>Z aj[xij < v;]’ E[a] — 4 E[b]

Fig. 4. Reduction rules of ML

Notation

We write (Q;)'¢! for a tuple (Q1,..Q,). We often omit the set I in which i ranges and just write (Q;)’, using
different indices i, j, and k for ranging over different sets I, J, and K; We also write 5 if we do not have to
explicitly mention the components Q;. In particular, Q stands for (Q, .. Q) in syntax definitions. We write
Qlzi « Qi]*!, or Q[z; « Q;]* for short, for the simultaneous substitution of z; by Q; for all i in I.

41 ML

We consider an explicitly typed version of ML. In practice, the user writes programs with implicit types that
are elaborated into the explicit language, but we leave out type inference here for sake of simplicity®. The
programmer’s language is core ML with recursion and datatypes. Its syntax is described in Figure 2, ignoring
the gray which is not part of the ML definition. To prepare for extensions, we slightly depart from traditional
presentations. Instead of defining type schemes as a generalization of monomorphic types, we do the converse
and introduce monotypes as a restriction of type schemes. The reason to do so is to be able to see both ML and
eML as sublanguages of mML—the most expressive of the three. We use kinds to distinguish between the types of
the different languages: for ML we only need a kind Typ, to classify the monomorphic types, and its superkind
Sch, to classify type schemes. Still, type schemes are not first-class, since polymorphic type variables range only
over monomorphic types, i.e. those of kind Typ.

We assume given a set of type constructors, written {. Each type constructor has a fixed signature of the
form (Typ, .. Typ) = Typ. We require that type expressions respect the kinds of type constructors and type
constructors are always fully applied.

The grammar of types is given on the left-hand side of Figure 2. Well formedness of types and type schemes
are asserted by judgments I' - 7 : Typ and I + 7 : Sch, defined on Figure 6.

We assume given a set of data constructors. Each data constructor d comes with a type signature, which is a
closed type-scheme of the form ¥(a; : Typ)' (z;)/ — { (a;)". For technical reasons, we assume that all datatypes
contain at least one value (note that function types always contain as a value a function that takes an argument
and never terminates). This assumption could be relaxed, at the cost of a more complex presentation. Pattern
matching is restricted to complete, shallow patterns. Instead of having special notation for recursive functions,
functions are always defined recursively, using the construction fix (f : 7; — 12) x. a. This avoids having
two different syntactic forms for values of function type. We still use the standard notation A(x : 77). a for
non-recursive functions, but we just see it as a shorthand for fix (f : 7; — 2) x. a where f does not appear free
in a and 7, is the function return type.

The language is equipped with a weak left-to-right, call-by-value small-step reduction semantics. The evaluation
contexts E and the reduction rules are given in Figure 4. This reduction is written — g, and the corresponding

Notice that the issue of type inference is orthogonal, since the generic lifting is obtained by instrumentation of type inference.
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let x=uinb _’:h blx < u] ConNTEXT-IoTA
(A(a:Typ).u) t —>f’ ula « 1] a—"b
match d; 7; (u;)’ with (d; 77 (xj;)} = ;)7 —" 7j[x;; <« u;]? —
15 (i)' with (475 () = 1Y = i o ] Cla] —, CT]

match djr_j(ui)i with (djT_j(Xﬁ)i b aj)jef —>fl aj[le- — ui]i

Fig. 5. New reduction rules of eML

h
B

head-reduction is written — . Reduction must proceed under type abstractions, so that we have a type-erasing
semantics.

Typing environments I' contain term variables x : 7 and type variables « : Typ. Well-formedness rules for
types and environments are given in figures 1 and 3. We use the convention that type environments do not map
the same variable twice. We write z # I to mean that z is fresh for T, i.e. it is neither in the domain nor in the
image of I'. Kinding rules are straightforward. Rule K-SusTyp says that any type of the kind Typ, i.e. a simple
type, can also be considered as a type of the kind Sch, i.e. a type scheme. The typing rules are just the explicitly
typed version of the ML typing rules. Typing judgments are of the form I' - a : 7 where I' + 7 : Sch. Although we
do not have references, we still have a form of value restriction: Rule LEr-Pory restricts polymorphic binding to a
class of non-expansive terms u, defined on Figure 2, that extends values with type abstraction, application, pattern
matching, and binding of non-expansive terms—whose reduction always terminate. Binding of an expansive
term is still allowed (and is heavily used in the elaboration), but its typing is monomorphic as described by Rule
LeT-MoNo.

4.2 Adding term equalities

The intermediate language eML extends ML with term equalities and type-level matches. Type-level matches may
be reduced using term equalities accumulated along pattern matching branches. We describe the syntax and
semantics of eML below, but do not discuss its metatheory, as it is a sublanguage of mML, whose meta-theoretical
properties will be studied in the following sections.

The syntax of eML terms is the same as that of ML terms, except for the syntax of types, which now includes a
pattern matching construct that matches on values and returns types. The new kinding and typing rules are given
on Figure 6. We classify type pattern matching in Sch to prevent it from appearing deep inside types. Typing
contexts are extended with type equalities, which will be accumulated along pattern matching branches:

T == ...| match awith P > T a=...|T,a=;b

A let binding introduces an equality in the typing context witnessing that the new variable is equal to its
definition, while we are typechecking the body (rules LeT-eML-Mono and LET-EML-Povy); similarly, both type-level
and term-level pattern matching introduce equalities witnessing the branch under selection (rules K-Marcu
and Marcu-eML). Type-level pattern matching is not introduced by syntax-directed typing rules. Instead, it is
implicitly introduced through the conversion rule Conv. It allows replacing one type with another in a typing
judgment as long as the types can be proved equal, as expressed by an equality judgment T  7; ~ 7, defined on
Figure 7.

We define the judgment generically, as equality on kinds and terms will intervene later: we use the metavariable
X to stand for either a term or a type (and later a kind), and correspondingly, Y stands for respectively a type, a
kind (and later the sort of well-formed kinds). Equality is an equivalence relation (C-RerL, C-Sym, C-TRANS) on
well-typed terms and well-kinded types. Rule C-Rep-lota allows the elimination of type-level matches through
the reduction —,, defined on Figure 5, but also term-level matches, let bindings, type abstraction and type
application. Since it is used for equality proofs rather than computation, and in possibly open terms, it is not
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Conv EnvEQ
't ~n Tra:n FT T'+t7:Sch Tra:r Trb:t
Trta:n +FTl,a=;b
K-MarcH X X . Eni LeT-EML-MoNO
I'ra:d () '(di V(ak : Typ)" (zij) - ¢ (o) )l_ I't7:Typ F'ta:r
(T, (xij : tijlowe < )Y, a =7 () di (i)  (xi) + 1/ = Sch)! Tx:t,x=,arb:7
I + match a with (di(rik)k(x,-j)j — 1/)" : Sch Trletx=ainb:1’
LET-EML-PoLy Matcu-EML . . ) N
Trbr:Sch  Tru:rt Frz:Sch Tra:{(n)" (di:Y(ax:Typ)" (r;)) = & (ax)®)’
I'x:t,x=,urb:7’ (T, (xij : mijloge < Tk]k)],a =¢ (r)k dl-(rl-j)k(xij)j Fb;:1)
Trletx=uinb:7’ T + match a with (d;(z;j)* (xij)) — b)) = 1

Fig. 6. New typing rules for eML

C-REFL C-Sym C-TRrANS C-CoNTEXT
THX:Y THX; =Xy TFX;=2X, TrX;=X3 FTFC[M'F X, : Y] Y F'rX; =X,
TFX =X TFXp~X; TrX;=X; T+ C[X1] = C[Xz]
C-Rep-lota C-Eq
X; —, Xo reX;: 1 (uy =7 uz) €T’
F'eX; =X, F'rup =uy
C-SpLiT
Trusd(a)  (di V) ) = C@))' (O myla < wl®Y u = di(my) () v X0 = X))
F'rX; =X,

Fig. 7. Equality judgment for eML

restricted to evaluation contexts but can be performed in an arbitrary context C and uses a call-by-non-expansive
term strategy. It does not include reduction of term abstractions, so as to be terminating. The equalities introduced
in the context are used through the rule C-Eq. This rule is limited to equalities between non-expansive terms .
Conversely, C-Seuit allows case-splitting on a non-expansive term of a datatype, checking the equality in each
branch under the additional equality learned from the branch selection.

Finally, we allow a strong form of congruence (C-ConTexT): if two terms can be proved equal, they can be
substituted in any context. The rule is stated using a general context typing: wenoteI' r C[I" + X : Y'] : Y if
there is a derivation of I' - C[X] : Y such that the subderivation concerning X is I’ + X : Y’. The context I'"" will
hold all equalities and definitions in the branch leading up to X. This means that, when proving an equivalence
under a branch, we can use the equalities introduced by this branch. Moreover, when C is a term contexts C, we
may write C to mean that C expects a non-expansive term and C expects any term.

Rule C-ConTexT could have been replaced by one congruence rule for each syntactic construct of the language,
but this would have been more verbose, and would require adding new equality rules when we extend eML to
mML. Rule C-ConTExT enhances the power of the equality. In particular, it allows case splitting on a variable bound
by an abstraction. For instance, we can show that terms A(x : bool). x and A(x : bool). match x with True —
True | False — False are equal, by reasoning under the context A(x : bool). [] and case-splitting on x. This allows
expressing a number of program transformations, among which let extrusion and expansion, eta-expansion, etc.
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K = ...|Met|t >k |VY(a:k)k
0 v= ... | Ve k).t | O(x:7). 7| (o:a=ra). 7 | AMa k).t |chr | A (x: 7). 7| tha
ab = .. | Mx:r).alau| AN a:k).alafr | AP (o:a=;4a).a]alo

u = M) al AN aik).al Moa=;a). a

Fig. 8. Syntax of mML

as equalities. This help with the ornamentation: the pre- and post-processing on the terms will often preserve
equality (for example in §7), and thus many other useful properties (for example, they can to be put in the same
contexts, and are interchangeable for the logical relation we define in §6).

Under an incoherent context, we can prove equality between any two types: if the environment contains
incoherent equalities like d; 71 a; = d; 7; a;, we can prove equality of any two types o; and o, as follows:
consider the two types o/ equal to match d; 7; a; withd; 7y @y — 01| d27; a3 — 0,. By C-ConTEXT and C-Eq,
they are equal. But one reduces to oy and the other to . Thus, the code in provably unreachable branches need
not be well typed. When writing eML programs, such branches can be simply ignored, for example by replacing
their content with () or any other expression. This contrasts with ML, where one needs to add a term that fails at
runtime, such as assert false.

Restricting equalities to be used only between non-expansive terms is necessary to get subject reduction in
eML: since reduction of beta-redexes is disable when testing for equality, we only allow using equalities between
terms that will never be affected by reduction of beta-redexes. Consider for example the following term:

match (A(x : unit). True) () with
| True - match (A(x : unit). True) () with True — () | False — 1 + True
| False — ()

If we allowed the use of equalities between expansive terms, it would correctly typecheck: we could prove
from the equalities (A(x : unit). True) () = True and (A(x : unit). True) () = False that the branch containing
1+ True is absurd. But, after one step, the first occurrence of (A(x : unit). True) () reduces to True, and we can
no longer prove the incoherence without reducing the application in the second occurrence. Thus we need to
forbid equalities between terms containing application in a position where it may be evaluated.

We only limit equalities at the usage point. In mML, this allows putting some equalities in the context, even if
it is not known at introduction time that they will reduce (by meta-reduction) to non-expansive terms. The code
that uses the equality must still be aware of the non-expansiveness of the terms.

We also restrict case-splitting to non-expansive terms. Since they terminate, this greatly simplifies the
metatheory of eML.

Forbidding the reduction of application in —, makes —, terminate (see Lemma 5.40). This allows the
transformation from eML to ML to proceed easily: in fact, the transformation can be adapted into a typechecking
algorithm for eML.

Note that full reduction would be unsound in eML: under an incoherent context, it is possible to type expressions
such as True True, i.e. progress would not hold if this were in an evaluation context. However, full reduction is
not part of the dynamic semantics of eML, but only used in its static semantics to reason about equality. It is then
unsurprising—and harmless that progress does not hold under an incoherent context.

4.3 Adding meta-abstractions

The language mML is eML extended with meta-abstractions and meta-applications, with two goals in mind: first,
we need to abstract over all the elements that appear in a context so that they can be passed to patches; second,
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| W) a) by —h CONTEXT-META
) Wlx:o). a)d i ] M) )b — r[x « u] a—b
(Af@:x).a)fr —] al ¢ —t

3 e # Ba: ’ h ’

4 ; (A¥(a:kx). 7)1 —y Tla « 7] Cla] —y C[b]
4 (A*(o 1 by =; by). a) #o 4
6 Fig. 9. The — reduction for mML
8 N o S-VARr S-TARR
9 S-Tyee S-SCHEME S-META IF'rr:Met Trx:wf Trig:wf T,a:xFky:wf
0 I'rTyp:wf  T'kSch:wf Tk Met:wf

1k wf I'FVY(a:ky)ky: wf

11
12 Fig. 10. Well-formedness rules for mML
13
1 _1 K-Conv K-SusEqu K-P1 K-ForALL-META
o Tbr:ik Trxk=x’ Trz:Sch Tro:Met Dx‘:inrn:Met T,a:kkr:Met Trx:wf
16
- Trrik ['F7:Met [FI(xC 7). 75 : Met Fkvﬁ(azk).T:Met
18 K-P1-Eo K-TLam
19 Tta:t" Trb:t' Tr1' :Sch T,(a=y b)F1r:Met Ia:ki+F71:Ky
20
. F'rI(o:a=yb).7: Met TrFA o k). T Y(a s i) Ko
22 K-TArpr K-VLam K-VArpr
23 Trr:Y(a:kg)kpy TFTikg F'rrp:Met T,x:Ty b1k Tt —>ky Tra:n
24 T'tnlfin:kpla « ] TrAf(x:im). it — K Trnfa:n
25
26 Fig. 11. Kinding rules for mML
27
7 TABS-META TApP-META EArp
29 Ila:xtra:t Fl—a:Vﬁ(a:K).rl Trr:k Tra;~a;, Trb:M(o:a; =y ay). 1
30
- TrAfa:x).a: V¥ e k). 1 F'raln:nla « ] Trbfo:t
32
- EABs I'tr:Sch Trap:t ABS-META APP-META
’] I'tay:r T,(a1=ra))rb:1 I'trp:Met Tox:myra:, Tra:Ox:n).n Tru:n
35 TrA(orai=; a).b:M(o:a1=; a).7” TrAx:n).a:I(x:1n). o T'katu:nlx «u
3? C-Eq C-RED-META
37 (al =7 az) el a —); up a —)}; Uy X1 —);i XZ Tk Xl Y
38
39 Trup =u T'rX; =X,
40
4 Fig. 12. Typing and equality rules for mML
42
** we need a form of stratification so that a well-typed mML term whose type and typing context are in eML can
44 always be reduced to a term that can be typed in eML, i.e. without any meta-operations. The program can still
5 be read and understood as if eML and mML reduction were interleaved, i.e. as if the encoding and decodings of
10 ornaments were called at runtime, but may all happen at ornamentation time.
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The syntax of mML is described in Figure 8. We only describe the differences with eML. Terms are extended with
meta-abstractions and the corresponding meta-applications on non-expansive terms, types, and equalities, while
types are extended with meta-abstractions and meta-applications on non-expansive terms and types. Both meta
abstractions and meta applications are marked with §§ to distinguish them from ML abstractions and applications.

The restriction of meta-applications to the non-expansive subset of terms is to ensure that non-expansive
terms are closed under meta-reductionas both the value restriction in ML and the treatment of equalities in eML
rely on the stability of non-expansive terms by substitution. A non-expansive term should remain expansive
after substitution. Therefore, we may only allow substitution by non-expansive terms. In particular, arguments
of redexes in Figure 9 must be non-expansive. To ensure that meta-redexes can still always be reduced before
other redexes, we restrict all arguments of meta-applications in the grammar of mML to be non-expansive. To
allow some higher-order meta-programming (as simple as taking ornament encoding and decoding functions as
parameters), we add meta-abstractions, but not meta-applications, to the class of non-expansive terms u. The
reason is that we want non-expansive terms to be stable by reduction, but the reduction of a meta-redexes could
reveal an ML redex. A simple way to forbid meta-redexes in non-expansive terms is to forbid meta-application.

Equalities are unnamed in environments, but we use the notation ¢ to witness the presence of an equality in
both abstractions IT(o : @ =, a). 7 and A¥(¢ : a =, a). T and applications 7 § o.

The meta-reduction, written —y, is defined on Figure 9. It is a strong reduction, allowed in arbitrary contexts C.
The corresponding head-reduction is written —".

The introduction and elimination rules for the new term-level abstractions are given on Figure 12. The new
kinding rules for type-level abstraction and application are given on Figure 11. We introduce a kind Met, superkind
of Sch (Rule K-SusEqu), to classify the types of meta abstractions. This enforces a phase distinction where meta
constructions cannot be bound or returned by eML code. The grammar of kinds is complex enough to warrant its
own sorting judgment, noted I' + x : wf and defined on Figure 10.

We must revisit equality. Kinds can now contain types, that can be converted using Rule K-Conv. The equality
judgment is enriched with closure by meta-reduction (Rule C-Rep-Meta). To prevent meta-reduction from blocking
equalities, Rule C-Eq is extended to consider equalities up to meta-reduction. The stratification ensures that a
type-level pattern matching cannot return a meta type. This prevents conversion from affecting the meta part of
a type. Thus, the meta-reduction of well-typed program does not get stuck, even under arbitrary contexts—in
particular under incoherent branches.

5 The metatheory of mML

In this section we present the results on the metatheory of mML that we later use to prove the correctness of our
encoding of ornaments.
We write — for the union of — 4, —, and —y and —* its transitive closure. The calculus is confluent.

THEOREM 5.1 (CONFLUENCE). Any combination of the reduction relations —,, — g, —>y is confluent.

Below we show that meta-reduction can always be performed first—hence at compilation time.

5.1 A temporary definition of equality

The rules for equality given previously omit some hypotheses that are useful when subject reduction is not
yet proved. To guarantee that both sides of an equality are well-typed, we need to replace C-Ren-Meta with
C-Rep-MEeTA’, C-RED-IoTA With C-Rep-loTa” and C-ConTexT With rule C-ConTexT’, given on Figure 13. Admissibility
of C-ContexT will be a consequence of Lemma 5.17, and admissibility of C-Rep-Meta and C-Rep-lota will be
consequences of subject reduction. Since the original rules are less constrained, they are also complete with
respect to the rules used in this section. Thus, once the proofs are done we will be able to use the original version.
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C-CONTEXT’
F'+C[I"+X;:Y']:Y TFC[T'+Xp: Y] Y I'rX; =X,

[+ C[X] = C[X;]

C-Rep-lota’ C-RED-META’
X —, X 'eX:: 1 I'erX,: Y, Xl—>gxz FrX;: 1 FeXp: Y,

T)—XI:XQ FFX12X2

Fig. 13. Stricter rules for equality

(Typ) = {Na} V(a : K1) K2) = (k1) = (k2)
(Sch) = {Ma} (r =" K = 1-(x)
(Met) = G, (a1 =r az) > k) = 1k

Fig. 14. Interpretation of kinds as sets of interpretations

5.2 Strong normalization for —y
Our goal in this section is to prove that meta-reduction and type reduction are strongly normalizing. The notations
used in this proof are only used here, and will be re-used for other purposes later in this article.
THEOREM 5.2 (STRONG NORMALIZATION FOR META-REDUCTION). The reduction —y is strongly normalizing.
As usual, the proof uses reducibility sets.
Definition 5.3 (Reducibility set). A set S of terms is called a reducibility set if it respects the properties C1-3
below. We write C, the set of reducibility sets of terms.

C1 every term a € S is strongly normalizing;

C2 ifae Sanda —y a’ thena’ € S;

C3 if a is not a meta-abstraction, and for all a’ such that a —y a’,a’ € Sthenae S.
Similarly, replacing terms with types and kinds, we obtain a version of the properties C1-3 for sets of types and
sets of kinds. A set of types or kinds is called a reducibility set if it respects those properties, and we write C; the
set of reducbility sets of types, and Ci the set of reducibility sets of kinds.

Let N, be the set of all strongly normalizing terms, N; the set of all strongly normalizing types, and N the set
of all strongly normalizing kinds.

LEMMA 5.4. N,, N;, and Ny are reducibility sets.

Proor. The properties C1-3 are immediate from the definition. ]

Definition 5.5 (Interpretation of types and kinds). We define an interpretation (k) of kinds as sets of possible
interpretations of types, with 1 the set with one element e. The interpretation is given on Figure 14

On Figure 15, we also define an interpretation [«], of kinds as sets of types and an interpretation [r], of a
type 7 under an assignment p of reducibility sets to type variables by mutual induction

Definition 5.6 (Type context). We will write p F I if for all (a : k) € T, p(a) € (k).
LEMMA 5.7 (EQUAL KINDS HAVE THE SAME INTERPRETATION). IfT + k1 = kg, then (k1) = {K2).

Proor. By induction on the derivation of the judgment I' + k; =~ k;. We can assume that all reductions
in the rules C-Rep-IoTA” and C-RED-META’ are head reductions (otherwise we simply need to compose with
C-CONTEXT.
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[[Tlﬂp [[TZ]]p

1:19

[rhul, = [etel, = [z, o

Fig. 15. Interpretation of kinds and types as sets of types and terms

o Reflexivity, symmetry and transitivity translate trivially to equalities.

o There is no head-reduction on kind, and the rule C-EQ does not apply either.

e For C-SpLIT, use the fact that every datatype is inhabited, and conclude from applying the induction
hypothesis to any of the cases.

e For C-CoNTEXT, proceed by induction on the context. If the context is empty, use the induction hypothesis.
Otherwise, note that the interpretation of a kind only depends on the interpretation of its (direct) subkinds,
and the interpretation of the direct subkinds are equal either because they are identical, or by induction
on the context. ]

LEMMA 5.8 (INTERPRETATION OF KINDS AND TYPES). Assume p F I'. Then:

o If T+« : wf, then [«], is well-defined, and [x], € C:.
o If T+ 1 :x, then 1], is well-defined, and we have [7], € (x).

Proor. By simultaneaous induction on the sorting and kinding derivations. The case of all syntax-directed
rules whose output is interpreted as N, or M, is follows by Lemma 5.4. The variable rule K-Var is handled by
using the definition of p F I'. For abstraction, abstract, add the interpretation to the context and interpret. For
application, use the type of [«], for functions. For K-Conv, use Lemma 5.7 to deduce that the interpretation of the
kinds are the same. For the subkinding rules (K-SusTyp, K-SuScH, K-SuBEqu), use the fact that {Typ) = {Sch)) =
{Sch) € {Met).

The rules S-VARR, S-TARR, S-EARR, K-ForaLL, K-P1, K-P1-Eq are similar. We only give the proof for K-Pr: Assume
S; and S, are reducibility sets. We will prove C1-3 for S = {a € N, | Yu € Sy, aflu € Sp}.

C1 S is a subset of N,.

C2 Consider a € S and a’ such that a —y a’. Foragivenu € Sy, afju € S, —y a’fu. Thus, a’fu € S, by
C2 for Sy. Then, a’ € S.

C3 Consider g, not an abstraction, such that if a —y a’, a’ € S. For u € S;, we’ll prove a Bu € S,. Since a is
not an abstraction, a ff u reduces either to a’ § u with a —y a’,or aju’ withu —y u’. In the first case,
a’ € S by hypothesis and u € S1, so a’fu € S,. In the second case, u’ € S; by C2,s0 affu’ € S;. By C3 for
Sy, because a f u is not an abstraction, affu € S,. |

We need the following substitution lemma:
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LEMMA 5.9 (SUBSTITUTION).
Forallz, k, v/, a, and p, we have both [[T]]p[a(_[[ﬂ]]p] = [rla « 7']], and [[Kﬂp[aﬁ[[r,ﬂp] = [kla < 7']],.

Proor. By induction on types and kinds. O

We then need to prove that conversion is sound with respect to the relation. We start by proving soundness of
reduction:

LEMMA 5.10 (SOUNDNESS OF REDUCTION). Let — stand for —, U —>y. Assume thatp ET, and t, 7', x, k' are
well-kinded (or well-formed) inT. Then [r], = [t'],, whenever t — 7’ and [«], = [x] , whenever xk — «’.

Proor. By induction on the contexts. The only interesting context is the hole []. Consider the different kinds
of head-reduction on types (the induction hypothesis is not concerned with terms, and there is no head-reduction
on kinds).

e The cases of all meta-reductions are similar. Consider (A% (« : ). 7) f 7/ —"

t[a « 7’]. The interpreta-
tion of the left-hand side is (ASy € (x). [7]p(acs,)) [7']p = [7]plac[r],] and the interpretation of the
right-hand side is [z[a < 7']], = [7] p{ac[+],] by substitution (Lemma 5.9).

o In the case of match-reduction, the arguments of the meta-reduction have kind Sch, thus by Lemma 5.8,
their interpretation is N,. O

LEMMA 5.11 (SOUNDNESS OF CONVERSION). If p ET andT + 1y = 1, then [11], = [r2],. IfT F k1 = k3, then

[[Klﬂp = [[KZ]]p

Proor. By induction on the equality judgment.

o The rules C-RerL, C-Sym and C-Trans respect the property (by reflexivity, symmetry, transitivity of
equality).

o The equalities are not used, thus C-Serit does not affect the interpretation (just consider one of the
sub-proofs).

e The rule C-Eq does not apply to types and kinds.

e For reductions (C-Rep-Iota’, C-RED-META’), use the previous lemma.

o For C-ConTEexT’, proceed by induction on the context. The interpretation of a type/kind depends only on
the interpretation of its subterms. ]

Now we can prove the fundamental lemma:

LEMMA 5.12 (FUNDAMENTAL LEMMA). We say p,y E T if p £ T and for all (x,7) € T, y(x) € [r],. Suppose
p,y ET. Then:

o IfT + Kk : wf, theny(x) € Ni.
o IfT k1 :x, theny(r) € [«],.
o IfT+a:7,theny(a) € [7],.

Proor. By mutual induction on typing, kinding, and well-formedness derivations. We will examine a few
representative rules:

e If the last rule is a conversion, use soundness of conversion.

o If the last rule is App. Assume p,y F T, and consider two terms a and b such that y(a) € [r; — ],
and y(b) € [r;],. We need to show: y(a b) = y(a) y(b) € [r2], = Na (because 7; is necessarily of kind
Typ). Consider then a’ and b’ normal forms of y(a) and y(b). a’ b’ is a normal form of y(a b). Thus,
y(ab) € N,.
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o If the last rule is a meta application ApP-META
Tra:I(x:1). 7 F'rb:n
Tralb:nlx « b]

Consider p,y F T. Then, by induction hypothesis, we have: y(a) € [II(x : 71). 1], and y(b) € [r1].
We thus have: y(af b) = y(a)§f y(b) € [r2],. But the interpretation of types does not depend on terms:
[r2], = [r2[x < b]],. It follows that y(atf b) € [r2[x < b]],.
o If the last rule is a meta abstraction ABs-META:
Ix:nwta:n

I+ )Lﬂ(x :11).a:1(x:17). 1o

Consider p,y F T. Consider b € [r;],. We need to prove that }/()Lﬁ (x:m).a)fb=A(x:n). y(@)ibe
[72]p)- Let us use C3: consider all possible reductions. We will proceed by induction on the reduction of
y(A) = A’, with the hypothesis V (B € [r2],) A’[x < B] (true for y(A) and conserved by reduction), and
on the reduction of B (B € [r;], is conserved by reduction).
— We can only reduce the type 7] a finite number of types by induction hypothesis. It is discarded after
reduction of the head redex.
- IfA" —y A, M :n).a)tb —y (A¥(x : 71). a”’) # b, and we continue by induction.
- IfB—y B, M(x ). a)fb —y (A¥(x : 7). @’) § b, and we continue by induction.
— If we reduce the head redex, (Aﬁ(x :11). @) b —y a’[x « b]. But by hypothesis, a’[x « b] €
[[Tz]]p. O

We can now prove the main result of this section:

ProoF. [Proof of Theorem 5.2] Consider a kind, type, or term X that is well-typed in a context I. We can take
the identity substitution y(x) = x for all x € T and apply the fundamental lemma. All interpretations are subsets
of N, thus X € N,. |

5.3 Contexts, substitution and weakening

We define a weakening judgment I3 I> I}, for typing environments that also includes conversion on the types and
kinds in the environment.

WENV-WEAKEN-VAR WENV-CONV-VAR WENV-WEAKEN-TVAR
WENV-EmPTY I n>L DLEin=n LI
0>0 r1[>1—‘2,x{)1’l' l"l,x{’):rlbl“g,xf:rz 1"1 l>r2,(X€ZK
WENV-CONV-TVAR WENV-WEAKEN-EQ WEnNvV-Conv-EQ
LoD L kK=K LoD I b Lrn=~n Lhra ~a I+ by =~ by
T,a: ki >Dh,a: K >, (a=;b) I, (a1 = b1) > Iy, (a2 =4, ba)

LEMMA 5.13. Weakening is reflexive and transitive: for all well-formed environments I}, I, and I, we have:

e It >T1 and
o ifT1 > T, and T, > Ty, then Iy > I3.

Proor. Reflexivity is proved by induction on + I'. Transitivity is proved by induction on the two weakening
judgments. ]
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LEMMA 5.14 (WEAKENING AND CONVERSION). Let Iy, Iy, I7, I, be well-formed contexts. Suppose It > I; and
I, >TI]. Then:
o If1 X :Y, thenl, - X : Y.
o IfI‘l F Xy =Xy, thenl F X; =~ X,
o IfI FC[I} - X :Y']:Y, thenl, v C[I, - X : Y'] : Y.

Proor. Proceed by mutual induction on the typing, kinding, sorting, and equality judgment. All rules grow
the context only by adding elements at the end, and the elements added will be the same in both contexts, thus
preserving the weakening relation. Then we can use the induction hypothesis on subderivations.

Then, we have to consider the rules that read from the context: they are Var, K-Var and C-Eq. For these rules,
proceed by induction on the weakening derivation. Consider the case of Var on a variable x. Most rules do not
influence variables. There will be no weakening on x because the term types in the stronger context and variables
are supposed distinct. The variable x types in the context by hypothesis, so we cannot reach WENv-Empry. The
renaming case is WENv-CoNv-VaRr. Suppose It = I, x : 7, I = I, x : 7, and I3 + 7; = 75. Then, we can obtain a
derivation of I F x : 71 by using Var, getting a type 7, and converting,. m|

LEMMA 5.15 (SUBSTITUTION PRESERVES TYPING).
Supposel’ + u : 7. Then,
o ifT,x:0,T"FX:Y, thenT,T"[x <« u] F X[x < u]: Y[x < u];
o if,x:0,T"+ X1 =Xy, thenT,I"[x « u] F Xi[x « u] =~ Xp[x < u].
Suppose I + 7 : k. Then,
o ifla:k,I"FX:Y, then,I'[a « 7] + X[ « 7] : Y[ax < 7];
o ifT,a:k, "+ X =Xy, thenl,T'[a0 « 7] F Xq[at « 7] = Xp[a < 7].

Proor. By mutual induction. We use weakening to grow the context on the typing/kinding judgment of the
substituted term/type. O

LEMMA 5.16 (SUBSTITUTING EQUAL TERMS PRESERVES EQUALITY).

o Assumel+r 1~ andl,a:k+X:Y andT v 1; : k. Then, T + X[a < 11] = X[a < 12].
e Assumel Fuy ~upyandl,x:t+ X :Y andT v u; : 7. Then, T + X[x « u1] = X[x « uy].

LEMMA 5.17 (SUBSTITUTING EQUAL TERMS PRESERVES TYPING). Assumel + C[I” + X; : Y']: Y andT’ + X; = X;.
Then,TFC[I"+X,:Y']: Y.

Proor. We prove these two results by mutual induction on, respectively, the typing derivation ', : k + X : Y
and the typing derivationT + C[T” + X7 : Y] : Y.

For the first lemma, for each construct, prove equality of the subterms, and use congruence and transitivity of
the equality. Use weakening on the equality if there are introductions. Use the second lemma to get the required
typing hypotheses.

For the second lemma, the interesting cases are the dependent rules, where a term or type in term-position in
a premise of a rule appears either in the context of another premise, or in type-position in the conclusion. When
a term or type appears in the context, we use context conversion. The other type of dependency uses substitution
in the result, which is handled by the first lemma (Lemma 5.16) O

Note that these lemmas imply that C-ConTexT is admissible.

In order to prove subject reduction, we will need to prove that restricting the rule C-Eq to non-expansive terms
only is enough to preserve types, even when applying the reduction — : this reduction should not affect any
equality that is actually used in the typing derivation.
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Definition 5.18 (Always expansive term). A term a is said to be always expansive if it does not reduce by —y
to a non-expansive term.

LEMMA 5.19 (ALWAYS EXPANSIVE REDEXES). Let a be of the form by b,. Then a is always expansive.
Proor. Meta-reduction does not change the shape of the term. ]

LEmMMA 5.20 (USELESS EQUALITIES). Let a; or az be always expansive, and supposeI' + a; : 7. Then T, (a; =; az) +
X :YifandonlyifT+X:Y.

Proor. The “only if” direction is a direct consequence of weakening. For the other direction, proceed by
induction on the typing derivation. The only interesting rule is C-Eq. But by definition, an equality containing an
always expansive term is not usable in equalities. m|

LEMMA 5.21 (NON-DEPENDENT CONTEXTS FOR ALWAYS EXPANSIVE TERMS). Consider an evaluation context E and
an always expansive term a such thatT + E[I" v+ a: 7] : Y. Then, if T' + a’ : 7, we also haveT + E[I" +a’ : 7] : Y

Proor. We prove simultaneously that putting an always expansive term in an evaluation context gives an
always expansive term, and that the context is not dependent. The case of the hole is immediate. We will examine
the case of Ler-Pory, which show the important ideas: consider a non-expansive, and a; = let x = a in b. a;
is always expansive: any meta-reduction will be to something of the form let x = a; in b, with a —>§ as, but
a is always expansive, so a; is expansive, thus let x = a, in b; is expansive too. It also admits the same types:
suppose we have a derivation I',x : 7, (x =; a) + b : /. Then by Lemma 5.20, I',x : 7 + b : 7’ and thus by
weakening T, x : 7, (x =; a’) + b : ¢’. The hypotheses of the rule LeT-Pory are preserved, so the conclusion is too:
let x = ain b and let x = a’ in b have the same type. O

5.4 Analysis of conversions and subject reduction

To prove subject reduction, we need results allowing us to split a conversion between a compound type or kind

into a conversion into this subtypes. The easiest way to do it is to proceed in a stratified way. We extract a

subreduction —>§ of —y that only contains the reductions on types, and —>§ that only contains the reductions

on terms. Then, we consider the reductions in order: first —>g, then —>;, then — i and —,.

The following lemma is easily derived from the new definition of equality (it requires subject reduction
otherwise):

LEMMA 5.22 (EQUALITIES ARE BETWEEN WELL-TYPED THINGS). LetI' be a well-formed context. SupposeI' + X; =~
X,. Then, there exists Y1, Yy such thatT + X; : Yy andT + X5 : V5.

Proor. By induction on a derivation. This is true for C-Rep-Meta’, C-Rep-lota’, C-ConTEXT’, C-EQ and C-REFL.
For C-Sym and C-Trans, apply the induction hypothesis on the subderivations. ]

We define a decomposition of kinds into a head and a tuple of tails. The meta-variable h stands for a head. The
decomposition is unique up to renaming.

Typ » Typ o () Sch » Sch o () Met » Met o () r-lk» ,—>fk _o (1,k)
(a=;b) > kw» _ > _o(ab,1,k) Y(a: k) k" » Y(a:_)_o (x,k’)

LEMMA 5.23 (ANALYSIS OF CONVERSIONS, KIND-LEVEL). SupposeI' + k =~ k’. Then, ¥’ and k' decompose as
k» ho (X;) andk » h' o (X])!, withh = h’ and X; = X].

Proor. By induction on a derivation of I' + k¥ =~ x’. We can suppose without loss of generality that all
reductions are head-reductions by splitting a reduction into a C-Context and the actual head-reduction.
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e For C-RerL, we have k = k’. Moreover, all kinds decompose, thus x has a decomposition k » h o (X))
By hypothesis, + I'k. Invert this derivation to find that the X; are well-kinded or well-sorted. Thus, we
can conclude by reflexivity: I' F X; ~ X;.

e For C-Sym and C-Trans, apply analysis of conversions to the subbranch(es), then use C-Sym or C-Trans to
combine the subderivations on the decompositions.

o For C-Spurt, apply the lemma in each branch. There exists at least one branch, from where we get equality
of the heads. For equality of the tails, apply C-SeriT to combine the subderivations.

e The rules C-Rep-Meta’ and C-Rep-lota’ do not apply because there is no head-reduction on kinds.

e For rule C-ConTEexr, either the context is empty and we can apply the induction hypothesis, or the context
is non-empty. In this case, the heads are necessarily equal. We can extract one layer from the context.
Then, for the tail where the hole is, we can apply C-ConTexT with the subcontext. For the other tails, by
inverting the kinding derivation we can find that they are well sorted. Thus we can apply C-ReFL to get
equality.

m]

We can then prove subject reduction for the type-level meta-reduction.We will use the following inversion
lemma:

LEMMA 5.24 (INVERSION FOR TYPE-LEVEL META REDUCTION). Consider an environmentT.
o IfT+ /Ui(x (7). T > K, thenT,x : 7+ 72 : K.
o IfT+ A¥a K1). 7 :V(a: K1) Ko, thenT,a s k1 b T Ky.
o IfT+ /1’1(0 tay = ay).t" (01 a1 =; ag) > K, thenT,(a; =; az) F 7”7 : k.

Proor. We will study the first case, the two other cases are similar. Suppose the last rule is not K-Conv. Then, it
is a syntax directed rule, so it must be K-VLam, and we have I', x : 77 73 : k. Otherwise, we can collect by induction
all applications of K-Conv leading to the application of K-VLam. We obtain (by the previous case) a derivation of
I,x: 7+ 1 : k', with (combining all conversions using transitivity) an equality I' - 7; — k = 7/” — «’. By the
previous lemma (Lemma 5.23), we have ' + 7; = 7/" and T + x = «’. O

LEMMA 5.25 (SUBJECT REDUCTION, TYPE-LEVEL META REDUCTION). Suppose X —>§ X andT + X : Y. Then,
TrX':Y.
Proor. The reduction is a head-reduction 7 —!

T —>§ 7/, we can conclude by Lemma 5.17, because the reduction implies T + 7 ~ 7.

t

#

7’ in a context C. If we can prove subject reduction for

Let us prove subject reduction for the head-reduction: suppose 7 —
vz’ :k

Consider a derivation of I' 7 : k whose last rule is not a conversion. It is thus a syntax-directed rule. We will
consider as an example the head-reduction from 7 = M (x:1). ) Butor’ =[x « ul.

Since the last rule of T + (AF(x : 77). 13) B u : k is syntax-directed, we can invert it and obtain T + u : 7; and
T+ A*(x: 7). 1 : 1y = k, We apply inversion (Lemma 5.24) and obtain T, x : 7, F 7, : k. Finally, by substitution
(Lemma 5.15), we obtain T' + 73[x <« u] : k, i.e. T + 7" : k. O

v/ and T F 7 : k. We want to prove

This is sufficient to prove the following lemma:

LEMMA 5.26 (NORMAL DERIVATIONS, TYPE-LEVEL META REDUCTION). Suppose ' + X; =~ X,, where X; and X, are
normal terms, types or kinds for —y. Then, there exists a derivation of T +" X1 ~ X,, where }" X1 ~ X; isa
limited version of T + X; =~ X, where the rule C-REp-META is limited to —>§‘ More precisely, this judgment is defined

from the following rules:
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C-REFL C-Sym C-TRANS
F'rX:Y I't" X; 2 X, T'H" X3 ~ X, I't" X, ~ X3
re"X =X 't" X, ~ X; I't" X; ~ X3
C-CONTEXT C-ReD-IoTA’
I‘l—C[I"I—Xle']:Y FI—"Xlng X1 —, X 'eXi: Y T'rXy: Y,
r+" C[Xl] ~ C[Xg] " X1 ~ Xz
C-RED-META’ C-EQ
X1 —)ng 'rXi: Y T'rX,: Y, a —)}; u as —)}; Uy (a1 =7 az)EF
FI—"XI:XZ I‘I—"ulzuz
C-SpLiT ) ' ) _ ' '
Tru:Z ()" (di V(@) () = C@)®) ([ Gy s rylae — 1dF)Yu = diry) () " Xo = Xp)'
T'H" X ~ X,

Proor. We prove a stronger result: suppose I' - X; ~ X3, and X], X are the —>§ normal forms of X; and X;.

Then, for all context C such that ' + X; : Y; and I + C[T" + X; : Y;] : Y/, if X/ are the normal forms of C[X;], then
I +" X =~ X;. In this proof, we’ll say “normal forms” without further qualification for — normal forms.

We proceed by induction on the derivation. We assume all reductions are head-reductions.

The property is symmetric, so it is preserved by C-Sym.

For C-RerL: by subject reduction, if a term is well-typed, its normal form is well-typed too.

For C-Trans, we get the result by unicity of the normal form.

For C-ContexT, we fuse the contexts and use the induction hypothesis.

For C-Rep-Meta’, if the reduction is a type-level meta reduction, it becomes a C-RerL on the (well-typed)
normal form.

e For the other rules, we follow the same pattern. We first normalize the context to a multi-context,
represented by a term with a free variable x (or «): C[x] has a normal form X.. We also normalize X;
and X3 to X|" and X}/, and prove I' - X|" ~ X7.

— For C-Eq, we can completely normalize the terms.

— For C-Rep-MEeTA’ and C-Rep-lota’, head-reduction and normalization commute: if X; head-reduces to
X3, then X’ head-reduces to X'.

We now have to prove that the normal form of C[X;] is X [x « X;].

— It is immediate if the hole is a term: no type-level meta-reduction rule depends on the shape of a
term.

- For type-level iota reduction, we use a typing argument: X;” is a type-level match, thus has kind Sch,
thus X" has kind Sch by subject reduction. Then, X, cannot be a type-level abstraction, because by
Lemma 5.23 the kinds of type-level abstractions are not convertible to Sch.

Finally, we can conclude by C-ConTEXT. O

We prove a decomposition result on meta conversions: types and kinds that start with a meta head keep their
heads, and their tails stay related. In order to prove this, we extend the decoding into a head and tails to types.
Note that not all types have a head: applications and variables, for example, have no head yet, but they can gain
one after reduction.
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Vi k).t e V@ ). _o (k,1) Ox:7). 7’ » I(x:_.)._o(r,7")
M(o:b=;b").aw (o:_=__). _o(b,b,1,a) Y(a : Typ) = » ¥(a : Typ) o (1)
T > > - o -0 (71, 72) (@) w» o (m)

The meta-heads are all heads that can not be generated by ML reduction in well-kinded types, i.e. all except
Y(a : Typ) o, - >y —and { _
The head-decomposition of types and kinds is preserved by reduction:

LEMMA 5.27 (REDUCTION PRESERVES HEAD-DECOMPOSITION). Consider a type or kind X that decomposes as

X » ho (X;)'. Then, ifX —>§ X', X" decomposes as X’ » h o (Xl.')i, and for all i, X; —>§ X].

Proor. The head never reduces. m]
From this we can prove a generic result of separation and projection:

LEMMA 5.28 (EQUALITY PRESERVES THE HEAD). Consider a type or kind X that decomposes as X » h o (X;)!, and
X’ that decomposes as X’ » h’ o (Xjf)j. Then, ifh or b’ is a meta head, T + X =~ X', h = h’ and for all i,T + X; = X].

Proor. We can start by —>§—normalizing both sides. The heads stay the same, and the tails are equivalent.
Then consider (using Lemma 5.26) a normal derivation of the result. In the following, we assume X and X’ are
— g—normal and the derivation is normalized.

We then proceed by induction on the size of the derivation T' F" X =~ X’, proving a strengthened result: suppose
X decomposes as X » h o (X;)!, and either T +" X ~ X’ or ' +" X’ =~ X. Then, X’ » h o (le)i, with '+ X; ~ X/

o There is no difficulty with the rules C-RerL, C-Sym, C-TrANS, C-SPLIT.

e For C-ConTexT on the empty context, we apply the induction hypothesis. Otherwise, the head stays the
same, and the equality is applied in one of the tails.

e C-Eq does not apply on types.

o Since both X and X’ are types, instances of C-Rep-Meta’ distribute in the tails. That is also the case for
instances of C-Rep-lota’ that do not reduce the head directly.

e For —": X has a head, so the reduction is necessarily X’ —" X. X and X’ cannot be kinds, so they
are types 7 and 7’. We have 7’ = match d;(u;)" with (d;(x;;)" = 7;)/</ and 7 = 7;[x;; < u;]". The term
7j has the same head as 7. Moreover, inverting the last syntactic rule of a kinding derivation for 7/, we
obtain I'  7; : Sch. We want to show that this is impossible. Consider the last syntactic rule of this
derivation. It is of the form IT' + 7; : k, with k # Sch. Moreover, we have I' + k = Sch. But this is absurd
by Lemma 5.23. ]

Then, we get subject reduction for term-level part of —y. We first prove an inversion lemma:

LEMMA 5.29 (INVERSION, META, TERM LEVEL). Consider an environmentT.
o IfT+ M (x: 7). a:1(x: 7). 75, thenT,x : 1y Fa: 7y,
o IfT FARa k). a: V¥ (a k). 7, thenT,a :kFa: .
o IfT+ PLICE: b = bj).a:1(o: by =; by). 7", thenT, (by =; by) Fa:7".

Proor. Similar to the proof of Lemma 5.24. ]

LEMMA 5.30 (SUBJECT REDUCTION FOR —). Let I' be a well-formed context. Suppose X —y X'. Then, if
Tt X:Y,THX :Y.

Proor. Add the term-level part to the proof of Lemma 5.25 ]
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We can normalize further the conversions between two —y normal forms:

LEMMA 5.31 (NORMAL DERIVATIONS, TYPE-LEVEL META REDUCTION). SupposeI' + X; =~ X,, where X; and X, are
normal terms, types or kinds for —y. Then, there exists a derivation of T +" X; ~ X,, where +" X; =~ X; isa
limited version of T' + X; = X, where the rule C-Rep-METa is limited to —>g More precisely, this judgment is defined

from the following rules:

C-REFL C-Sym C-TRANS
F'eX:Y anX12X2 I“F"Xlng FF"X22X3
TH" X=X I't" X, ~ X, F't" X; =~ X3
C-Rep-IoTA’ C-RED-META’
Xi— X, TrXi:V7 TEXp: Y, Xp—Xe TEXi:Yy THEXp: Y,
I't" X; ~ X, I't" X; ~ X,
C-CONTEXT C-Eq . .
T+C[I'FX,:Y']:Y " X =~ X, ap —y U ay —y Uy (a1 = az) €T
r+" C[Xl] ~ C[Xz] r+" Uy = Uy
C-SpLiT
(d; = Y(ar)k (tij); = ¢ ()i (T, (x5 = mijl(ar = m)el)js (u = di(xij)) F" Xp = X5); I'rwus (ke
T't" X3 ~ X,
Proor. Similar to Lemma 5.26. |

We can now prove a projection result for eML. The corresponding separation result is more complex and will
be proved separately.

LEMMA 5.32 (PROJECTION FOR EML). Consider X and X' decomposing as X » h o (X;)' and X’ » h o (X])'.
SupposeT' + X = X'. Then, I' + X; = X].

Proor. The result for non-ML heads is already implied by the previous lemma. We can suppose that X and X’
are types 7 and 7’ and are normal for —y, and that we have a normal derivation of T'+ 7 ~ 7”.

We derive a stronger result: we define a function tails(h; ) that returns the tails of a type, assuming it has
a given eML head. We use Any, to stand for any well-typed term, Any, for a well-kinded type, and Any, for a
well-sorted kind (for example, Any, = A(x : Any,). x, Any, = ¥(a : Typ) a and Any, = Typ).

tails(h;7) = (X;)! ifr » ho (X;)!
tails(h; match a with (P; - ;)") = (match a with (P; - Xj;)") if tails(h; ;) = (X;;)!
tails(h;7) = (Any)?

Note that the action of taking the tail commutes with substitution of terms: tails(h; 7[x « u]) = tails(h; 7)[x < u].
Moreover, if 7 is well-typed, its tails tails(h; 7) are well-typed or kinded (by inversion of the last syntax-directed
rule of a kinding of 7).

Then, we show by induction on a normal derivation that whenever I' + 7 ~ 7/, for any ML head h, T +
tails(h; 7); = tails(h; 7);. This is sufficient, because tails(h; 7); = X; and tails(h; 7"); = X]. We suppose that the
reductions are head-reductions, and that all applications of C-ConTexT use only a shallow context.

o For C-Reri, invert the typing derivation to ensure that the tails are well-typed.
o There is no difficulty for C-Sym and C-TraNs.
e For C-Speut: prove the equality in each branch and merge using C-Sprrt.
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Fig. 16. Destructors and constructors

o The rule C-Eg does not apply in a typing context.

e For C-Rep-lota’, the only possible head-reduction is a reduction of a type-level match: suppose we have
t = match d;(u;)" with (di (xx:)" — ) and ¢/ = 7i[x;; < u;]". Then, compute the tail: tails(h; 7); =
match d;(u;)" with (di (xx;)" — Xi1)* where Xy, = tails(h; 7 ); and tails(h; 7’) = tails(h; ) [xji — wi]'.
The tails are well-typed, and reduce to one another, thus we can conclude by C-Rep-Iota’

e For C-ConTexT, consider the different cases:

- If the context is of the form C = match C’ with (P; — ;)" and is applied to X; and X;, we have
I' + C’[X1] = C’[X;] ~. Then we can substitute in the tails.

— If the context is of the form C = match a with (P; — ;) | P; — C’, we can use the induction
hypothesis: the tails of the case where the hole is are equal, so we can substitute in the global tails.

— All other contexts distribute immediately in the tails. O

We obtain subject reduction.
THEOREM 5.33 (SUBJECT REDUCTION). SupposeI' is well-formed, X — X" andT + X : Y. Then, T+ X’ : Y.

Proor. We need to prove subject reduction for —, and — 4. We prove this for head-reduction as in the
other subject reduction results (see Lemma 5.25). For —,, we can use the same technique as in the other proofs
since C-Rep-lota’ allows injecting —, in the equality.

For — g, there are two cases. If we reduce an application, the evaluation context E is not dependent according
to Lemma 5.21. In the other cases, the reduction is actually a —, reduction. O

THEOREM 5.34 (EQUAL THINGS HAVE THE SAME TYPES, KINDS, AND SORTS). Consider a context I Suppose
I'+X; =X, Then, forall Y, T+ Xy : Y ifand only if T + X, : Y.

Proor. By induction on a derivation. This is immediate for reflexivity, transitivity and symmetry. Reduction
preserves types by subject reduction. Substitution preserves types too. ]

We can now use the simplified version of equality (C-Eq, C-Rep-Iota, C-RED-META).

5.5 Soundness for —y

We now show that meta reductions are sound in any environment, and ML reductions are sound in the empty
environment.
We define (see Figure 16) constructors c; and c, at the level of types and terms, and destructor contexts, or
simply destructors, D; and D, for types and terms. Some destructors destruct terms but return types.
Moreover, we defined the predicate meta on constructors and destructors that do not belong to eML (hence,
use a meta-construction at the toplevel)

THEOREM 5.35 (SOUNDNESS, META). Let I’ be an environment. Then:
o IfT+ Di[ci] : Y, then Di[c] —".
e IfT+ Dy[c,] : Y, then D,[c,] —".
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PROOF. By case analysis on the destructor. We consider the case D; = []# 7. Consider the various cases for ¢:
by Lemma 5.28, the only possible case is ¢; = A¥(a : k). 7. Then, Dy[c,] reduces. O

5.6 Reducing mML to eML

We will now show that any mML term that can be typed in an environment without any meta construct normalizes
by —y to an eML term of the same type. It does not suffice to normalize the term and check that it does not
contain any mML syntactic construct and conclude by subject reduction: we have to show the existence of an
eML typing derivation of the term.

Definition 5.36 (Meta-free context). A meta-free context is a context where the types of all (term) variables
have kind Sch, and all type variables have kind Typ. A term is said to be meta-closed if it admits a typing under
a meta-free context. A term is said to be eML-typed if moreover its type has kind Sch. A type is said to be
eML-kinded if moreover it has kind Sch (or one of its subkinds).

THEOREM 5.37 (CLASSIFICATION OF META-NORMAL FORMS). Consider a normal, meta-closed term or type. Then, it
is an eML term or type, or it is not eML-typed (or eML-kinded) and starts with a meta abstraction.

Proor. By induction on the typing or kinding derivation. Consider the last rule of a derivation:

e Ifit is a kind conversion K-Conv, by Lemma 5.23, it is a trivial conversion.

o Ifiit is a type conversion, by Theorem 5.34, the kind of the type is preserved.

o Ifitis a construct in ML syntax: the subderivations on terms and types are also in meta-closed environ-
ments and eML-typed or eML-kinded, and we apply the induction hypothesis.

e Ifit is a meta-abstraction, it is not eML-typed or eML-kinded because of non-confusion of kinds.

e Ifit is a meta-application: let us consider the case of term-level meta type-application. The other cases
are similar. We have a = bf§ 7. b is typeable in a meta-closed context but is not eML-typed. Thus, it is a
meta-abstraction. By soundness, a reduces, thus is not a normal form. O

We prove that all mML derivations on eML syntax that can be derived in mML can also be derived in eML. The
difficulty comes from equalities: transitivity allows us to make mML terms appear in the derivation; these must
be reduced to eML while maintaining a valid typing derivation.

THEOREM 5.38 (EML TERMS TYPE IN EML). In eML, consider an environment I'; terms (resp. types, kinds) X, X,
and X3; and a type (resp. kind, sort) Y. Then:

o If+ T in mML, then there is a derivation of + T in eML.
o IfT + X :Y in mML, then there is a derivation of T + X : Y in eML.
o IfT' + X; ~ X, in mML, then there is a derivation of T + X; ~ X, in eML.

Proor. By mutual induction.

We need to strengthen the induction for the typing derivations: we prove that, for any mML type, kind or sort
Y, if T+ X :Y’, Y reducesto Y in eML and T + X : Y. Then notice that the conversions only happen between
normal eML terms, so we can apply the results on equalities.

For equalities, normalize the derivations as in Lemma 5.31, but simultaneously transform the typing derivations
into eML derivations (this must be done simultaneously otherwise we cannot control the size of the new
derivations). O

The main result of this section follows.

THEOREM 5.39 (REDUCTION FROM MML TO EML). IfT + a : 7 andT + r : Sch are eML judgments that are
derivable in mML, then there exists a reduction a —y a’ such thatT + a’ : 7 holds in eML.
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Note that this implies that eML also admits subject reduction.

Proor. The well-typed term a normalizes by —y to an irreducible term a’. By subject reduction, ' + a’ : 7.
By classification of values, it is an eML term. By Theorem 5.38, there is a derivation of T' + @’ : 7 in eML. m]

5.7 Soundness, via a logical relation for —,

We prove that —, is normalizing, on all terms (including ill-typed terms):
LEMMA 5.40 (NOMALIZATION FOR —>,). The reduction —, is strongly normalizing.

Proor. We say that a term, type or kind is good if it admits no infinite reduction sequence, and if it reduces to
A(a : Typ). u, for all good types 7, u[a < 7] is good. Goodness is stable by reduction.

We will prove the following property by induction on a term, type or kind X: suppose y associates type and
term variables to good terms and types. Then, y(X) is good. Let us consider the different cases:

o If X is a variable, y(X) is good by hypothesis.

o If X = A(a : Typ). u: by induction hypothesis, y(u) is good for all y, thus y(X) admits no infinite
reduction sequence. Moreover, if X reduces to A(a : Typ). u’, u’[a < 7] can be obtained by reduction
from (y[a « 7])(u), and thus is good.

e Suppose no head-reduction occurs from y (X). Then, since the subterms normalize, y (X) normalizes. We
will now only consider the terms where head-reduction could occur.

e If X = a 7, suppose y(X) reduces to a term that head-reduces. Then, this term is X’ = (A(« : Typ). u) r,
that reduces to u[a « 7). Since a is good, the result is good too.

e If X = let x = a; in ay has a head-reduction, it is from let x = u in a} to aj[x < u], where y(a;) reduces
to u and y(a,) reduces to a;. The term u is good, thus (y[x < u])a; is good and reduces to aj[x « u].

o Similarly for type and term-level pattern matching.

O

We then prove soundness of the —, reduction. This is done via a logical relation (essentially, implementing an
evaluator for the non-expansive terms of eML with the reduction —,). This then allows proving (syntactically)
that all conversions in the empty environment are between types having the same head (up to reduction). Let us
note u —' v if all reduction paths from u terminate at v.

We start by defining a unary logical relation specialized to —, on Figure 17. It includes an interpretation V[r],
of values of type 7, an interpretation E[r], of terms as normalizing to the appropriate values, an interpretation
Gly]r of the typing environments as environments associating variables to non-expansive terms. We also define
binary interpretations (although they are interpreted in an unary environment). EqE[7], of equality at type
7, via an interpretation EqV[z], of equality for values. We will omit the typing and equality conditions in the
definitions. The unary interpretation only contains terms that normalize, while the binary interpretation contains
both pairs of terms that normalize by —,, and pairs of terms stuck on a beta-reduction step. We write  y : T to
mean that y is a well-typed environment that models I, and F y; = y; if all components of y; and y; are equal.

The definition of the interpretations is well-founded, by induction on types, and, for datatypes, by induction
on the values (because the values appearing inside datatype constructors are necessarily values of a datatype, or
functions from terms).

Definition 5.41 (Valid environment). An environment y is valid if for all & such that y(«) = (7, S, R),

e Foralue S, 0+u:r.
o The restriction of R to S is an equivalence relation.

LEMMA 5.42 (DEFINITION OF THE INTERPRETATIONS). The interpretations are defined for wall-kinded terms and
well-formed environments:
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G[I] S {ylry:T}
G[[,x : 7] = {ylx < u]ly € Gl Auc€E[r],}
G[I', a : Typ] {yle < (y(r),E[r]y,EqE[]})] | y € G[T]}
G[T, (a1 =; a2)] = {y € G[I'1| a1, a; non-expansive = (y(a1),y(az)) € EqE[r]}
E[7], C falOra:y(r))
E[r], = {u]3I@)u—! v Av e V[r],}
vz, C {v|0rov:y(r)})
V[a]y = y(a)
V[ — ]y = {fix(x:7/ = 1)) y.a}
VI¥(a:Typ) 7], = {(Ala:Typ).o) [V (@F 1" : Typ) vla « '] € E[7]y(ac (B[], . EqEL], )]}
VIZ (:)']y = {(d(v;))) | (d:Y(ai: Typ)' (r;)) = { (i)' )/\V(J) vj € (Vk[fj[az - Tl] 1)
) . —! j
Vlmatch a with (d;(x;j) — 7;)'], = g[ff]“xv*vﬂ’ Lft}ylifime di(v3)
EqGIT] C {rur) |l Fri=yel
EqG[T, x : 7] = A(nlx « wl,v2lx < u2l) | (y1,v2) € EqG[T] A (uy, uz) € EqE[7],,}
(v1.v2) € EqG[T']
[a < (y1(71), E[71]},, EqE[22]},)],
EqG[l,a: Typ] = ( y " n ) A E[nly, = E[z],, }
{ Y[a «— (YZ(TZ), E[Tl])/z, EqE[TZ]yz)] A Eqé[;l]yl — EqE[TZ]yZ
_ a1, az non-expansive =
EqGIL (a1 = a2)] = {‘Y““) = 6l (11(a1). v1(a2)) € EQE[r],, A (yalar). ya(az)) € EqE[r],, }
EqE[7], c f{(a,a2) |0+ a; = a}
B A (vy v2) Uy —* vy Auy — vy A (v1,v2) € EqV[7])
BaElly = O | (o o) ) 01) Ay ) 02)) y }
EqV[r], C {(v1,v2) |0 F v = vy}
EqV[a], = y(a)
EqV[r — '], {(fix (x : 71 = 7)) y. a1, fix (x : ., = 7,) y. az)}
EqV[¥(a : Typ) ]y, = {(Ala :ATyp). vAl,A(a : Typ). v2) | V((Z)Al— T’ Typ) (vi[a « '], [ « T']) € Y[T]X[O,(_Eq]g[fqy]}
EqV[{ (i)']y = A@d(@).dw))) I d:V(ai : Typ)" () = & (@) A (v w)) € EqV[zj[ei  ni]']y )}
EqVimatch a with (di(x) = 7)'], = { BQVI oy 17(0) ] i)

A Meta-Language for Ornamentation in ML

Fig. 17. Logical relation for —,

1:31

o If + T, G[T] is well-defined and all its elements are valid, and EqQG[T'] is well-defined and reflexive on G[I'].

o If T+ 1 :Sch, forally € G[T],

EqE[r], is an equivalence relation on E[7], .

Proor. By mutual induction on the kinding and well-formed derivations.

As usual, we need to prove a substitution result:

LEMMA 5.43 (SUBSTITUTION). Consider a valid environment y. Then,
d E[T[x — u]]y = E[T]y[x<—u]
d EqE[r[x « u]]y = EqE[T]y[xHu]
e E[r[a « 7']]y = E[r]y(ac(y(r).E[z),.EqE[],)]

E[r]y is defined, all its elements are non-expansive terms of type y(t), and
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Ld EqE[T[X « T,]]y = EqE[T]y[a<—(y(r’),E[T’]y,EqE[‘r’]y)]
Proor. By induction on 7. m]
We also need to prove that reducing a value in the environment does not change the interpretation:

LEMMA 5.44 (REDUCTION IN THE ENVIRONMENT). Consider a valid environment y, andu —, u’. Then,

* E[r]yxeu) = E[r]y[xew
hd EqE[T]y[m—u] = EqE[T]y[Ja—u’]

Proor. By induction on 7. The term variables in y are used for substituting into types for the typing side-
conditions. Since 0 + u = u’, the typing side-conditions stay true by Lemma 5.16. They also occur in the
interpretation of pattern matching. But, for all terms a, (y[x < u])(a) and (y[x < u’])(a) normalize to the same
term. |

LEMMA 5.45 (EQUALITY IN THE ENVIRONMENT). Consider a valid environmenty and 11, S, R such that y[a «
(11, S, R)] is valid. Suppose O + 11 ~ 5. Then,
o y[la « (72,5, R)] is valid;
o for all types 7, E[t]y(ae(r,,5.R)] = E[T]y[ae(n.5.R)];
o forall typest, EqE[T]y[aF(n,S,R)] = EQE[7]y[a (2.5, R)]-

Proor. By induction. The type 7; occurs only in the conclusion of typing derivations. Use conversion and
0+ 71 = 15 to get the same derivations with 7. m]

LEMMA 5.46 (REDUCTION PRESERVES INTERPRETATION). Suppose T —>, T’. Then,
e E[r], = E[r'],;
e EqE[r], = EqE[7'],.

Proor. We will show the lemma for E[7],. We eliminate the context of the reduction by induction. If we pass
to a reduction between terms, it is in the argument of a type-level match. Then, the two terms normalize to the
same term. The only type-level reduction is the reduction of the type-level match:

match d;7; (u;)" with (d; 7 (xji)' = 5V —" 1j[xj; « w;]’
Let us show that the two types have the same interpretation. We have d; 7; (u;)’ —! d; 7; (v;)", where u; —! v;.
Thus, the interpretation of the left-hand side is E[7], (;;v,}i = E[7][x;;4,): Dy Lemma 5.44. By substitution
(Lemma 5.43), E[7] =E[r[xj; « u,-]i]y. This is the interpretation of the right-hand side. O

ylxji—u;]t
LEMMA 5.47 (EVALUATION FOR —,). Suppose + I'. Then:

ifT v u:,then forally € G[T'], y(u) € E[r],;

ifT v 1y = 19, then for all (y1,y:) € EqG[T'], E[r1], = E[rz], and EqE[r1],, = EqE[r],,;
ifT+ay = ap andT v ay : 7, then for all (y1,y2) € EqG[T], (y1(a1), y2(az)) € EqE[r]y,;
ifT'+ 7 : Sch, then for all (y1,y2) € EqG[I'], EqE[r],, = EqE[r],,;

ifT v a: 1, then for all (y1,y2) € EqG[I'], (y1(a), y2(a)) € EqE[7],,.

Proor. We prove these results by mutual induction on the derivations.
For the result on typing derivations, let us consider the different rules:

For Var on x : 7: by hypothesis, y(x) € E[r],.

For Conv: use the second lemma to show the interpretations of the two types are the same.
For Fix: any two well-typed abstractions are linked at an arrow type.

The rule App cannot occur as the first rule in the typing of a non-expansive term.
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For TAss:
TABs

Ia:Typru:t
T'FA(a:Typ).u:V(a:Typ)
Consider y € G[TTand 0 + 7’ : Typ. A(a : Typ). u normalizes to A(e : Typ). v with u —! v. By
induction hypothesis, (y[a « 7'])(u) € E[r]y(ae(.E[r'],.EqE[r'],)]- Moreover, it reduces to (y[a «

'])(©) = y(v)[a « 7’]. Thus, y(v)[a < 7'] € E[t]y[a(r"E[],.EqE['],)]-
For TArp:

TArp
Tz’ :Typ Tru:Y(a:Typ)t

Trurt :r[a « 1']
Consider y € G[T]. There exists 7’ such that y(r’) —' 7”’. Then, @ + 7/’ : Typ. There exists v
such that y(u) —! v. By inductive hypothesis, v € V[¥(« : Typ) 7],. Thus, there exists v’ such that
v =A(a : Typ). v, and v'[a « 7”] € E[r]y (g (7. E[c"),.5qE[e"],)] = Elr[a < 7”]]y = E[r[a < '],
by Lemmas 5.43 and 5.46. We need to prove y(u 7’) € E[r[a < 7']],. But we have y(u ') —7} (A(a :
Typ). v/) o —, v/ — "],
The other cases are similar.

For the result on equalities between types, by induction on a derivation. We suppose that the context rule is
always used with a shallow context.

For C-Sym and C-Trans, use the induction hypothesis and symmetry/transitivity of equality.

For C-RerL, use reflexivity on types.

For C-ContexT: apply the induction hypothesis on the modified subterm if it is a type, and reflexivity on
the other subterms.

Otherwise, it is the argument of a type-level pattern matching. We have I' + a; : { (5;)', T + ay : { (;)%,
and T + a; = a,. By the third result, (y1(a1), y2(a2)) € EQE[{ (7:)'],,. If both do not normalize to a value,
the two interpretations of the pattern matching are empty. Otherwise they normalize to d(v;;)’ and
d(vy;) such that (vij,vy;) € EQE[r;],, where the 7; are the types of the arguments. Thus, (y1[x; <
vV, valx; < v2;)/) € EQGIT, (x; : 7;)’], and we can interpret the selected branch in these environments.
For C-Seuir onatermT F u : 7/, use reflexivity on types to prove that (y; (u), y2(u)) € EqE[7'],,. Moreover,
y1(u) € E[z’],, thus the terms normalize to a value. Then, select the case corresponding to the constructor,
construct an environment as in the previous case, and use the induction hypothesis.

For C-Rep-IoTa, suppose we have a head-reduction (otherwise, use C-Contexr). Then, it is the reduction
of a pattern matching. Proceed as in C-Sprrr.

The rule C-Eg does not apply on types.

For the result on equalities between terms:

The cases of C-Sym, C-Trans and C-Sprrt are similar to the same cases on types.

For C-Rer1, use reflexivity on terms.

For C-Rep-lota, proceed as in C-Rep-lota for types.

For C-Eq, consider the two equal terms uy, u,. From y; we get (y1(u1), y1(u2)) € EQE[7],,. Moreover, by
reflexivity on u, (y1(uz), y2(u2)) € EqE[r],,. We conclude by transitivity of EqE[7],,.

For C-ConTexT, examine the different typing rules as in the first result, and use reflexivity when needed.

For the reflexivity results, examine the different typing rules as in the first result. Take special care for variables.
The interpretations of the type variables are the same. For term variables appearing in terms, they are bound to
related terms. Finally, for type-level pattern matching, the interpretations of the term in the environments are
related by reflexivity. ]
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Ctx-DET-META CTx-BETA-META
a —>g‘ b a —>2 b
= ...|Efu|Efz|Efo - R
E[a] — E[b] E[a] — E[b]

o). al A a k). al M(ora=,a).a

Fig. 18. Deterministic reduction — for mML

The following result is then a direct consequence:
LEMMA 5.48 (SEPARATION FOR —,). Suppose O + 71 =~ 1,. Then if ; and r, have a head, it is the same.

Proor. Apply the previous result with the empty environment. The interpretations of types with distinct
heads are distinct. ]

THEOREM 5.49 (SOUNDNESS, EMPTY ENVIRONMENT).
e IfQ + Di[ct] : Y, then Di[c;] —".
e If0+ Dy[c,] : Y, then D,[c,] —".

ProoF. Similar to Theorem 5.35, but use the separation theorem for empty environments. O

6 A step-indexed logical relation on mML

To give a semantics to ornaments and establish the correctness of elaboration, we define a step-indexed logical
relation on mML. We later give a definition of ornamentation using the logical relation. Instead of defining
a relation compatible with the strong and non-deterministic reduction on mML, we choose a more standard
presentation and define a deterministic subset of the reduction. We also ignore all reductions on types. This
relation will be used to prove soundness for eML, and that eML programs can be transformed into equivalent ML
programs.

6.1 A deterministic reduction

We never need to evaluate types for reduction to proceed to a value. Thus, our reduction will ignore the types
appearing in terms (and the terms appearing in these types, etc.) and only reduce the term part that actually
computes. We define a subreduction + of — by restricting the reduction —y to a call-by-name left-to-right
strategy. The deterministic meta-reduction is defined as applying only in ML evaluation contexts. We extend the
ML reduction to also occur on the left-hand side of meta-applications. This does not change the metatheory of
the language, as such terms are necessarily ill-typed, but it allows us to use the same evaluation contexts for ML
reduction and meta reduction. The values are also extended to contain meta-abstractions. By a similar argument,
these values are not passed to any eML construct because they have type Met, which is not allowed in eML. With
these changes, we get a deterministic meta-reduction — defined as the ML and meta head-reductions for terms,
applied under the extended ML evaluation contexts E. We write " the associated head-reduction, i.e. the union
of all head-reduction of terms.

The reduction — admits the usual properties: it is deterministic (and thus confluent), and the values are
irreducible.

LEMMA 6.1. Values v are irreducible for .

ProoF. We show a slightly more general result: if a value v is of the form E[a], then a not a value v’. This is
enough, as values do not head-reduce.

Proceed by induction on v. Assume v is E[a]. If E is the empty context, a is v which is a value. Otherwise,
only constructors can appear as the root of both an evaluation context and a value. Then, the context E is of the
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form d(v’, E’,b), and v = d(0”). Thus, E’[a] is a value, and we use the induction hypothesis to show that a is a
value. O

LEMMA 6.2 (DETERMINISM). Consider a term a. Then, there exists at most one term a’ such that a — a’.

Proor. We show, by induction on the term, that there exists at most one decomposition a = E[b], with b
head-reducible. This suffices because head-reduction is deterministic. We have shown in the previous proof that
values don’t admit such a decomposition.

Consider the different cases for a.

e gisan abstraction or a fixed point: it does not decompose further since there is no appropriate non-empty
evaluation context. )
e aisd(a): either it is a value, or we can decompose the sequence (a)! = (b)], b, (v)’,j, with b not a value.

Necessarily, E = d((b)j:, E’, (v)lls) (because E cannot be empty: constructors do not reduce). But then, b
admits a unique decomposition as E’[b’].

e agislet x = a; in ay: If a; is a value, then it does not decompose, and the only possible context is the empty
context []. Otherwise, it admits at most one decomposition E’[b], and a admits only the decomposition
let x = E’[b] in ay.

® agisay ap: If a; is not a value, a does not head-reduce and the only possible decomposition of E is a; E’'.
Since a, decomposes uniquely, E’ is unique, thus E is unique. Otherwise a, is a value v, If a; is not a
lambda, a does not head-reduce, and the only possible decomposition of E is E’ v. By induction, E’ is
unique. If both are values, the only possible evaluation context is the empty context.

o Cases for all others applications are similar, except that there is no context allowing the reduction of the
right-hand side of the application, thus it is not necessary to check whether it is a value.

O

We can now link the deterministic reduction — and the full reduction —.
We first note that ML reduction is impossible on values:

LEMMA 6.3. Ifv — a, then we actually have v —y a and a is a value.

Proor. The ML reduction — g is included in —, and values do not reduce for . By induction on the values,
we can prove that redexes only occur under abstractions. Thus, the term remains a value after reduction. O

We write —  the reduction that only reduces ML term abstractions. It is also the subset of — 5 reductions
that are not included in —,.

LEMMA 6.4 (COMMUTATIONS FOR WELL-TYPED TERMS). Meta-reductions can always be done first, moreover,
B-reductions and i-reductions commute. More precisely, assume X is a well-typed term:
o IfX) —, Xy —y X3, then X; —y X4 —7 X3 for some Xy.
o IfX; —) Xo —y X, then X, —>; Xy — X3 for some Xy.
o IfX); —) Xz and X1 —, X3, then X, —] X4 and X3 — ) X4 for some Xy.
Proor. For the first two commutations: a typing argument prevents —, and — from creating meta-redexes.
For the third property: note that —, cannot duplicate a — redex in an evaluation context. m|

LEMMA 6.5 (NORMALIZATION FOR —>; AND —4). The union of —, and —y is strongly normalizing on
well-typed terms.
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Proor. Consider a term X. By Konig’s lemma (since by Theorem 5.2, there is a finite number of possible
reductions from one term), all possible — reduction sequences from X are of length at most k for some k.
Consider an infinite (—, U —y) reduction sequence from X. It has k — reductions or less. Otherwise, we
could use Lemma 6.4 to put k + 1 —y reductions at the start of the sequence. Thus, after the last —y reduction,
there is an infinite sequence of —, reduction. But this is impossible by Lemma 5.40. O

LEMMA 6.6 (WEAK NORMALIZATION IMPLIES STRONG NORMALIZATION). Consider a term a. Suppose there exists a
terminating reduction path from a. Then, all reduction sequences are finite.

Proor. We show that all reduction sequences from a have the same number of — reductions. We can,
without loss of generality (by Lemma 6.4) assume that a is meta-normal and that the reduction path is meta-normal.

Consider a normalizing reduction sequence from a. We are interested in the —, reductions. Thus, we
decompose the sequence as a = ay —} a, —; a1 —} a;... —, a, —, a,,. Consider a longer reduction
sequence from a. We can decompose it as a finite sequence a = by —} by — b; .. ..

Let us show by induction that for all i < n, there exists ¢; such that a] —7 ¢; and b] —7 ¢;. This is true for 0.
Suppose it is true for i. Then, we can use Lemma 6.4 to transport the reductions at the next step, and conclude by
confluence. Finally, a;, = ¢, since a, is irreducible. But, since b;, reduces by — ,, ¢, reduces by — . m]

This suffices to show that the reductions coincide, up to reduction under abstractions:

LEMMA 6.7 (EQUIVALENCE OF THE DETERMINISTIC REDUCTION).

e Ifa v and a normalizes by — toa’, thenv —™* a’.
e Ifa —" v, thena — v’ for somev’. More precisely:
- Ifa —* d(v;)*, then a —* d(vlf)i and for all i, v} —>; V;.
Ifa —"fix(x:11) y. b, thena =" fix (x : 71) y. b and b’ —>; b.
Ifa —* A (x : 7). b, thena —* M (x: 7’). b’ and b’ —; b.

Ifa —* A k). b, thena—* A¥(a: k). b and b’ —>§ b.
- Ifa —" M (o:ay =, ap). b, thena —* A (o : a; =; ay). b’ and b’ —} b.

#

Proor. The first result is rephrasing of Lemma 6.6. Consider the second result. We start by proving that
whenever a — v’, v’ has the correct form. This is a consequence of confluence, and the fact that head constructors
are preserved by reduction.

Then, we only need to prove that the deterministic reduction does not get stuck when the full reduction does
not: suppose a — v, then either a is a value or a —. We will proceed by structural induction on a.

e If a = x, a does not reduce.

e Consider a = let x = a; in a;. The let binding cannot be the root of a value, so — will reduce it at
some point: there exists a; —" v;. By induction hypothesis, a; reduces or is a value. If it is a value, a
head-reduces, and otherwise the subterm a; reduces.

e Suppose a is an abstraction. Then it is a value.

e Suppose a is an application. We will only consider the case a = a; aj, the cases of the other applications
are similar. A value cannot start with an application. Thus, the application will be reduced at some
points. Then, there exists 7, b and w such that a; —* A(x : 7). b and a, —* w. Suppose a; is not
already a value. Then, by induction hypothesis it reduces, so a reduces by . Otherwise, suppose a; is
not already a value. Then, by induction hypothesis it reduces by -, and a reduces. Otherwise, we have
a = (A(x:7).b) v, and a is head-reducible.
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(fix(x:7)y.a)v |—>{’ alx « fix (x: 1) y. a,y « v]
. h C
(A(a : Typ). v) T |—>(;1 vla « 1] OI\;TzZ ) IDENTITY
let x =vinam; alx « v] G
match d; 7j (v;)" with ; Ela] = E[b] @Poa
(d; 75 (xji)" — a;) 0 Glxy < vl COMPOSITION
M (x:7).a)fu |—>é’ a[x « u] ap —; az az —j as
(A¥(a k). a) T~ a[a — 1] a1 Pi+j a3
0

(Ao : by =, by). a) ol a

Fig. 19. The counting reduction ;

e Consider a = d(a;)". It reduces by — to a value that is necessarily of the form d(v;)’, with a; —* v;. If
all a; are values, a is a value. Otherwise, consider the last index i such that g; is not a value. Then, by
induction hypothesis, it reduces by . Thus, a reduces by .

e Consider a = match b with (d; 7; (xj;)" — a;)’. A value cannot start with a pattern matching, so —
will reduce it at some point. Thus, there exists d and (a;)’ such that b —* d(a;)". Thus, there exists (a})’
such that b —* d(a})". If the reduction takes one step or more, a reduce under the pattern matching.
Otherwise, the pattern matching itself reduces.

O

6.2 Counting steps

We define an indexed version of this reduction as follows: the beta-reduction and the expansion of fixed points
in ML take one step each, and all other reductions take 0 steps. Then, +; is the reduction of cost i, i.e. the
composition of i one-step reductions and an arbitrary number of zero-step reductions. The full definition of the
indexed reduction is given on Figure 19. Since > is a subset of the union of —, and —y, it terminates.

6.3 Semantic types and the interpretation of kinds

We want to define a typed, binary, step-indexed logical relation. The (relational) types will be interpreted as pairs
of (ground) types and a relation between them. This relation is step-indexed, i.e. it is defined as the limit of a
sequence of refinement of the largest relation between these types. The type-level functions are interpreted as
function between these representation, i.e. a pair of type-level functions for the left- and right-hand side and a
function of step-indexed relations subject to a causality constraint.

The interpretation of kinds is parameterized by a pair of term environments for the left and right-hand side of
the relation. The environments must be well-typed: we define a judgment F y : T that checks that all bindings in
y have the right type or kind.

Then, we define by induction on kinds an interpretation K'[«],, ,,, defined for all x, y1, y» such that there exists
I'suchthat (F T :y;) and T + « : wf. The interpretation is a set of triples (z1, (S;)/ <", 1) such that (0 + 7; : y;(x))".
In the interpretation of the base kinds Typ, Sch, Met, the S; are a decreasing sequence of relations on values
of the correct types. For higher-order constructs, the S; are functions that map interpretations of one kind to
interpretations of another kind. Equality between the interpretations is considered up to type equality.

LeEMMA 6.8. The interpretation of kinds is well-defined.
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1 Env-TVAR ENV-VAR-TERM Env-VAR-NONExP

5 ENg_EgIPTY Or7:y(x) Fy:T Ora:y(r) Fy:T Oru:y(r) Fy:T

- FO:

3 Fyle < 7]:T,a:x Fylx «<a]:T,x:7 Fylx <u]:T,x:7

! Env-EQ

. Ory(@=y(®)  ry:T

. Fy:T,(a=;b)

8

9 Fig. 20. The environment typing judgment +y : T

10

11 A FTi:KAFRT 1 K

19 K[« € {Typ,Sch, Sch, Met}],, ,, = (r1, (RiY =L m)| A V(G <i)((v1,02) €Rj) For:TiIAF V2 T

5 AN Y({<k<i),Rj 2R

14 B P V(e yi(e) yi(ko) A b 1o V(e ya(x)) ya(xe)
15 K[V k1) K2ly,y, = (@ (FYLn)| A V< (g, (50, ) € KKy,

16 (Tl ﬁ 71’» (Fk (Sk))kS]’ T2 ﬂ Tzl) € 7<‘[Kz]yl[0(<—r1’],y2[0(<—r2']
17

s F11:y1(r) = y1(K)A F 130 yo (1) = ya(K)

o B A Y (unup) (Fug: yi(T)A Fug 2 ye(T))

20 (}<[T il K]Yl,)/z = (Tl’(f})]SI’TZ) == (Tlﬂulv(f}(ul’uZ))]Sl» TZﬁUZ) € W[K]Yl,)’z
o A Nug,ug,ug, ug, (Fug = ujA - ug = uy)

. — V. () = fu]u))

23 _ _ ) Klxly,y, if Fyi(a) = yi(B)A F y2(a) = y2(b)

» 7([(61 =r b) i K])/1,Y2 - { {.} otherwise

25

2 Fig. 21. Interpretation of kinds

27

28 Proor. We must prove that the types appearing in the triples are correctly kinded. This is guaranteed by the
29 kinding conditions in each case. m]
30

31 LEMMA 6.9 (EQUAL KINDS HAVE EQUAL INTERPRETATIONS). Consider + yi,y2 : I. Then, if T + k1 = ko,
32 r}<‘|:K1:|)/1,)/2 = 7<[K2])/1,)/2'

33 Proor. By induction on the kinds: Lemma 5.23 allows us to decompose the kinds and get equality between
34 the parts. For the kinding conditions, note that if I' + k1 = k3, then F y; (k1) = y2(x3). m|

36 6.4 The logical relation
We define a typed binary step-indexed logical relation on mML equipped with . The interpretation of types

8 of terms &Ei[r], goes through an interpretation of types as a relation on values Vi [r],. These interpretations
9 depend on an environment y. The interpretation of a type of terms as values is an arbitrary relation between
19" values. The interpretation of types of higher kind is a function from the interpretation of its arguments to the
H interpretation of its result. Typing environments I" are interpreted as a set of environments y that map types
12 variables to either relations in (for arguments of kind Sch) or syntactic types (for higher-kinded types), and term
** " variables to pairs of (related) terms. Equalities are interpreted as restricting the possible environments to those
4 where the two terms can be proved equal using the typing rules.

15 Each step of the relation is a triple (z1, (R;)’>', 7). For compacity, we will only specify the value of R; and
10 leave implicit the values of 7; and 7 (that are simply obtained by applying y;, y; to the type 7).

A7
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1 Gi[0] = {0}

2 Gil[T,x : 7] = {ylx « (u,u2)] | (ug,up) € Exlr]y Ay € Ge[T])

L Gillix el = {ylx « (@.a)] | (ar1.a2) € E[rly Ay € GelTT)

C Gilla] = yla — (m R, )] | (r1, (R)Y=5,72) € KKy Ay € GrlTT)
5 Gi[T, (a1 =¢ az)] = {y € GelIT1 (F yi(a1) = y1(a2)) A (+ y2(a1) = y2(a2))}

(7) Eilrly = {(a1,a2) | Vi, Vv, az =; v, = douy, a1 =" 01 A (v1,02) € Vii[7]y )
8 Vilaly = y(a)

9 Ve[ ﬁfz]y = (Vk[fl]y (Vk[TZ]y

10 (vk[Tﬁu]y = (vk[T]y (y1(w), y2(u))

11 (vk[TﬁO]y = (Vk[T]y *

12 Vi[A¥(a 2 x). 7], = MR € Kklyy) Vilrlylaer

13 (Vk[/lﬁ x:K). 7]y = A((ur,uz) € Term X Term). Vi[7]y pxe(uy,un)]

14 Vie[A# (o : a =g az). 11y = A €1). Vi[ri]y

Y(<k) (v,0,) € (Vj[Tl]y - }
aifx « (fix (x: 7] = 7)) y. a1),y « v1],

( ai[x — (fix (x : ri” — 12'2”) y. ;2),y — ;2] ) € 8}‘[72])/

B it)). i, ) ‘ V(< k) () € Elnl, =

M(x /). ay (a1[x — wi], az[x — uz]) € E;[m2]y(xe(ur, m)]

bo:..). a 0+ yi(ar) = yi(az) )

e )| (L prnen s ) — e e aule, )

(a : Typ). u1, ) Y (71, (R =K, ) € K [K]}.,) }

Vilr = ], fix (x: 7/ = 7)) y. ay, )

fix(x:7/ > 1,)y. a

19 Vie[Il(x : 71). 2]y =

% V(e T
k[ (0{ yp) T]Y (a : Typ). Uy (ul, uz) € (Vk [T]y[vﬂ—(‘n,(Rj)jSk,Tz)]

A (a k). ay, Y ((z1, (R} =K, 1) € K[y, y0) }
Ab (a0 : x2). as (a1,a;) € & [T]y[ae(rl,(Rj)isk,rz)]

(d:Y(ai: Typ)' (5j)) = {(a:)") }
A Y ()) (v, wy) € Velgilai < ']y _
Viltilytxyopy i 11(a) 2o di(v;) Aya(a) o di(v))
0 otherwise

25 Vil¥¥(a : %). 7], =

TR @)y

—~

d(v;)!, d(w;)’)

21 Ve[II(o : by =; by). T'], = {
)

- Vi[match a with (d;(x;;) — 7,)'], = {
32 Fig. 22. Definition of the logical relation

The relation Ex[r], is defined so that the left-hand side term terminates whenever the the right-hand side
term, i.e. the left-hand side program terminates more often. In particular, every program is related to the never-
terminating program at any type. This is not a problem: if we need to consider termination, we can use the
reverse relation, where the left and right side are exchanged. This is what we will do on ornaments: we will first
show that, for arbitrary patches, the ornamented program is equivalent but terminates less, and then, assuming
the patches terminate, we show that the base program and the lifted program are linked by both the normal and
the reverse relation.

38
39

40

H Let us justify that this definition is well-founded. The interpretation of kinds is defined by structural induction
1 on the kind. The interpretation of contexts is defined by structural induction on the context, and is well-founded
9 as long as the relation on terms and values is defined. The interpretation of values (and terms) is defined by
44 induction, first on the indices, then on the structure of the type. The case of datatypes is particular: then, the
5" interpretation is defined by induction on the term. Only datatypes and arrows can appear in the type of a field of
10 a constructor, and arrows decrease the index. Thus, the definition is well-founded.

A7
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We now prove that well-formed contexts and well-kinded types have a defined interpretation.

LEMMA 6.10 (WELL-KINDED TYPES, WELL-FORMED CONTEXTS HAVE AN INTERPRETATION). LetI' be a context.

o Suppose + I'. Then, for all k, G [T'] is defined.
o SupposeT + 1 : k. Then, for all k and for ally € Gi[T], Vi[r], is defined, and Vi [r], € K[k],,.y,-
e SupposeT + 7 : Met. Then, for all k and for ally € Gi[T'], Ex[r], is defined.

Proor. By mutual induction on the kinding and well-formedness relations. Use the previous lemma for K-Conv.
The interpretations of relational types are formed between base types of the right kinds. It remains to check
that the interpretation of types of base kinds are decreasing with k. This can be shown by the same induction
that guarantees the induction is well-founded: all definitions using interpretations in contravariant position are
explicitly made decreasing by quantifying on the rank. m]

LEMMA 6.11 (SUBSTITUTION COMMUTES WITH INTERPRETATION). For all environmentsy, index k, we have:

Vilrla < 7’1y, = Vilelyleevile,)
Vie[r[x < ully Vieltly e ), ya )]

Kikla =y, = KlKlylaen @)l placya)

Klxlx = ully.y, = Kllprenwlpxernw)
Proor. By structural induction on 7, . m]
LEMMA 6.12 (FUNDAMENTAL LEMMA). o SupposeT v a : t. Then, for allk, y € Gi[T], (y1(a),y2(a)) €

Sk[T]y.
o SupposeT' v 11 = 1. Then, for allk, y € Gk[I'], Vi[r1]l, = Vklr]y.

Proor. By induction on the structure of the relation, and on the typing or equality derivations.
For equality proofs:

o Reflexivity, transitivity and symmetry are immediate.

e For head-reduction, the only possible reduction is application.

e For C-ConTtexT, proceed by induction on the context then apply the inductive hypothesis (for types), or
in the case of match use the fact that equal terms have the same head-constructor in empty environments
(Lemma 5.48).

e For C-SpuT on a term u: apply the induction hypothesis on T' + u : { (r;)'. We have: (y;(u), y2(u)) €
Erl{ (1:)']y. Since y1(u) and y,(u) are closed, non-expansive terms, they reduce in 0 steps to values
(v1,v2) € Vi[{ (7:)'], (this is a consequence of reflexivity for the logical relation on —,, after —y
normalization). In particular, they have the same head-constructor and the fields of the constructors are
related. We can then add the fields and the equality to the context, and apply the inductive hypothesis on
the appropriate constructor.

For typing derivations, we will only examine the cases of Var, Conv, Fix, and Arp.

e The Var rule is:

VAR
x:7€eTl
I'rx:t

Consider y € Gi[I']. By definition, (y;(x), y2(x)) € Vi[I],. Thus, (y1(x), y2(x)) € E[T],.

e Consider the Conv rule:
Conv

IF'rg=2n T'rta:n

T'rta:n
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Let y € Gi[I'l. By inductive hypothesis, (y1(a),y2(a)) € &Ekl[nily, and Vi[r1], = Vi[r],. Thus,
(r1(a), y2(a)) € Eklrely = Ex[nly.

e Consider the Fix rule:
Fix

Ix:m—>n,y:nta:n

F'Hfix(x:y > R)y.a:1y >

Consider y € Gi[T']. We want to prove (fix (x : y1(r1) = y1(%2))y.y1(a), fix (x : y2(r1) = y2(12))y.y2(a)) €
Vi[r1 — 12],. Consider j < k, and (v1,v;) € Vj[11],. We need to show:
(1 (@[x — fix (x : 11 (@) = 1(@) 3. 11(@)y — 0] y(@)x — fix (x 2 ya(r) = 1(2) 9. 1 (@) y — 03])
€ Vj[r2], Note that by weakening, y € G;[I']. Moreover, by induction hypothesis at rank j < k,
(fix (x : y1(11) = y1(12)) y. y1(@), fix (x : y2(11) = y2(12)) y. y2(a)) € Vj[r; — 12],. Consider
Y =vylx « (fix (x : yi(r1) = y1(22)) y. y1(a),
fix (x : y2(11) = y2(12)) y. y2(a)), y < (v1,v2)]. Then, y’ € G;[T,x : 11 = 1,y : 71]. Thus, by induction
hypothesis at rank j < k, (y{(a),y,(a)) =
(11(@)[x — fix (x : 11(71) = 11(@) ¥ 1@,y = 1], R(@[x — fix (¢ : 12(r1) = 12(22)) 3. 12(0). y < v3])
€ Vilroly = Vilraly.

e Consider the App rule:

App
T'rb:n Trta:1y >0

Trab:p

Let y € Gi[I']. Suppose y2(a) y2(b) —; v,. We want to show that there exists v; such that y;(a) y;(b) —*
vy and (vy,v2) € Vii[z2]y.

Since y;(a) reduces to a value, there exists wy, w; such that yy(a) +—; wy, y2(b) +—; w;. By in-
duction hypothesis on a and b, there exists values wy, w; such that (w,w;) € Vi_y[n1 — 1wy
and (wj,w;) € Vi_;,[r1],. We can apply the first property at rank k — i; — i; — 1: there exists
aj,ay,7/,7, such that w; = fix(x : 7f — 7)) y.a] and wp, = fix(x : 7/ — 17,') y. a;, and also

(aj[x — ...,y = wilaj[x « ...,y &« wj]) € Exj—ip—1[72],. Then, we have: a)[x «— ...,y « wj] 43
vy withi =iy + iy + i3+ 1,and aj[x « ...,y & w]] =" v1. Thus, (v1,v;) € Vi_i[12]y.

O

6.5 Closure by biorthogonality

We want our relation to be compatible with substitution. We build a closure of our relation: essentially, the
relation at a type relates all programs that cannot be distinguished by a context that does not distinguish programs
we defined to be equivalent. To be well-typed, our notion of context must be restricted to only allow equal
programs to be substituted. This is enough to show that it embeds contextual equivalence and substitution.

We will assume that there exists a type unit with a single value (). Consider two closed terms a; and a;. We
note a; = ap if and only if a; and a; both have type unit, and if a, reduces to (), a; reduces to () too.

We will consider the relation &[], without indices as the limit of Ex[7], .

We can then define a relation on contexts. This relation must take equality into accounts: two unequal terms
cannot necessarily be put in the same context, because the context might be dependent on the term we put in.

Thus, our relation on contexts only compares contexts at terms equal to a given term.

Definition 6.13 (Relation on contexts). We note (Cy,C3) € C[r | ai, az], iff:

® OFCi[0F ay: y1(r)] s unitand @ F C2[0 + ay : y2(7)] : unit
e forall aj, a; such that @ + a; : y;(7), (0 + a; = a}) and (a}, a;) € E[r],, we have Ci[a;] T Cz[az].
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From this relation on context we can define a closure of the relation:

Definition 6.14 (Closure of the logical relation). We note (a;, az) € 82[1']), iff:

e Oraj:yi(r)and O F ay : y2(7)
e forall (C1,C;) € C[r | a1, a2y, Cila1] 3 Calaz).

We obtain a relation that includes the previous relation, and allows substitution, contextual equivalence, etc.
We introduce a notation that includes quantification on environments:

LEMMA 6.15 (INCLUSION). Suppose (a1, az) € Ex[r],. Then (a1, az) € E[r],.
Proor. Expand the definitions. O

LEMMA 6.16 (INCLUSION IN CONTEXTUAL EQUIVALENCE). Suppose that for ally € Gi[T'], (a1, az) € E*[r],. Then,
for all contexts C such that® + C[T + ay : 7] : unit and @ + C[T + a, : 7] : unit, we have C[a;] 3 Claz].

Proor. By induction on the context. As in the proof of the fundamental lemma, each typing rule induces
an equivalent deduction rule for the logical relation. For example, the LeT-Pory rule becomes (assuming the
typing conditions are met): if (a1, az) € E*[10],, and for all (v1,v;) € E[ro], such that @  a; = v;, we have
(b1[x & (v1,v2)], b2[x « (v1,v2)]) € Sz[f]y[,ﬁ_(vbvz)], then (let x = a; in by,let x = a; in by) € 82[1]),. We
use the induction hypothesis on the subterm that contains the hole, and the fundamental lemma for the other
subterms. ]

LEMMA 6.17 (CONTEXTUAL EQUIVALENCE IMPLIES RELATION). Consider ay, as such thatT v a; : 7 andT v+ a; =~ a.
Moreover, suppose that they are contextually equivalent: if @ + C[T + a; : 7] : unit, then Cla;] X Clay] and
Clas] 3 Clai]. Then, for ally € Gi[T], (y(a1),y(az)) € E[7],.

Proor. We have (y(a;),y(a1)) € E[r],. Consider Cy, C; such that Cy[y(a;)] S Ca[y(a1)]. Then, by contextual
equivalence, we can substitute y(a;) by y(a;) in the right-hand side. ]

LEMMA 6.18 (REDUCTION). Suppose a; — ay, and C[a1], C[az] have the same type T in the empty environment.
Then, (Clai], Cla;]) € E*[r],.

Proor. Use Lemma 6.16, add the context C, use Lemma 6.17. m]

These definitions give a restricted form of transitivity. Full transitivity may hold but is not easy to prove:
essentially, it requires inventing out of thin air a context “between” two contexts, that is related to the first one in
a specific environment and to the second one in another specific environment. If we restrict ourselves to the sides
of an environment, then we can simply reuse the same context. a side of an environment is, in spirit, a relational
version of the left and right environment y; and 5.

Definition 6.19 (Sides of an environment). Consider an environment y. Its left and right sides €,y and €,y are
defined as follows:
e ey (x) = (n1(x), y1(x)) and €2y (x) = (y2(x). y2(x));
° 61}/(0() = {(Ul, UZ) | VW, (Ulv W) € )/(0!) < (Ulv W) € )/(0!)} and 62)/(&) = {(Wl, WZ) | Vv, (’U, Wl) €
y(a) © (v,w;) € y(a)} if a is interpreted by a relation;
o the sides of interpretations of types of higher-order kinds are interpreted pointwise on the base kinds.

LEMMA 6.20 (PROPERTIES OF SIDES). e If an environment y verifies an equality a; =, ay, then its sides
respect this equality
o If(ay,az) € E[r]y, then (a;, a;) € Ex[r]e;y-
o Ify € Gk[I'], then 1y € Gk[I'] and e,y € Gi[I'].
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Proor. By induction on the structure of the logical relation. ]

LEMMA 6.21 (SIDE-TRANSITIVITY). Consider an environment y, and suppose:
e (ag,a1) € Erle,y and O+ ap = ay;
o (a1,az) € E[1]y;
o (az,a3) € Er]e,y and O+ a, =~ as.
Then, (ag, as) € E*[r],.
(

Proor. Consider (Cy,C3) € C[r | ao,as],. Then, we have (Cy,Cy) € C[7 | ao,a1]e,y, and (C3,C3) € C[7 |
az, asle,y, and (Cy, Cs) € C[7 | ay,as]¢,,. Conclude by transitivity of 3. O

LEMMA 6.22 (EQUALITY IMPLIES RELATION). Suppose' + a; : 7 andT v a; = ay. Then, forally € G[T],
(y(a1). y(a2)) € E[1],.

Proor. By induction on an equality derivation. Since the relation is not symmetric, we a stronger result by
induction on derivations: if I + a; =~ ay, then for all y € Gi[T], (y(a1),y(az2)) € E*[r], and (y(az),y(a1)) €
82[T]y. Then, each rule translates to one of the previous lemmas. O

7 Simplification from eML to ML

Consider an ML environment I', an ML type 7, and an eML term g, such thatI'  a : 7 hold in eML. Our goal
is to find a term a’ such that ' + @’ : 7 holds in ML and that is equivalent to a: T + a ~ a’. This is a good
enough definition, since all terms that are provably equal are related. Restricting the typing derivation of a’ to
ML introduces two constraints. First, no type-level pattern matching can appear in the types in the term. Then,
we must ensure that the term admits a typing derivation that does not involve conversion and pattern matching.

The types appearing in the terms are only of kind Typ, thus they cannot contain a type-level pattern matching,
and explicitly-typed bindings cannot introduce in the context a variable whose kind is not Typ. There remains
the case of let bindings: they can introduce a variable of kind Sch. We can get more information on these types
by the following lemma, that proves that “stuck” types such as match f x with (di(y;)’ — 7;)" do not contain
any term:

LEMMA 7.1 (MATCH TREES). A type T is said to be a match tree if the judgment T \ © tree defined below holds:

TREE-MATCH
. k(. \j kyi
TREE-SCHEME . (di : Y(ax) (T;(]). - (a)") . - i
I'k7:Sch I'ta:d (k) (F, (ocij = Tijlo < ], a =g (rx di(Tik) (xi5) F 7 tree)
T+ 7 tree I + match a with (di(rl-k)k(x,-j)j - Ti’)i tree

Suppose all types of variables in T are match trees. IfT + a : 1, there exists a type t’ such thatT + t ~ 7’ and
I+ 7’ tree.

Proor. By induction on the typing derivation of a. Consider the different rules:

By hypothesis on I', the output of Var is a match tree.

The outputs of rules TAss, TArp, Fix, App, and Con have kind Sch, thus are match trees.

Consider a conversion Conv from 7 to z’. If 7 is equal to a match tree, then 7’ is equal to a match tree by
transitivity.

For rule LET-PoLy:

LET-Pory T't7:Sch

Tru:rt Ix:7,(x=;u)rb:1’

TF'tletx=uinb:7’
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By induction hypothesis, the type of u is equal in T to a match tree. Thus we can assume that 7 is a match
tree. Then, all types in I', x : 7, (x =, u) are match trees. There exists "’ such thatI',x : 7, (x =, u) F
7" treeand I',x : 7, (x =; u) F 7’ =~ 7”’. We can substitute using x =; u (by Lemma 5.15), and we obtain
T, (u;u) b/ = 1”[x < ul and T, (u =; u) + 7"’ tree. All uses of the equality can be replace by C-RgrL so
we can eliminate it.
For rule Ler-Mono:

Ler-Mono T 7. Typ

T'ta:r Ix:t,(x=;a)rb:1’

IF'tletx=ainb:1’

By induction hypothesis, the type of a is equal in T to a match tree. Thus we can assume that 7 is a match
tree. Then, all types in T, x : 7, (x =, a) are match trees. There exists 7"/ such that ', x : 7, (x =; a) F
" treeand I, x : 7, (x =; a) + 7’ =~ ””. We can assume a is expansive (otherwise we can use the same
reasoning as in the last case). Then, the equality is useless by Lemma 5.20. Moreover, since 7 has kind
Typ, there is a value v in 7. Then, T + 7”/[x <~ v] treeand I' + 7/ =~ 7" [x < v].

e For rule March:

MATCcH

Trr:Sch  (di: V() (ryy = (@) Tra:{(m)*

I, (i mylax < ), )l
4 =g (m)k di(fij)k(xij)] Fb;:T

I' + match a with (d,-(f,-j)k(x,-j)j —b):r

Proceed as for LeT in the case where we match on an expansive term a: we can use the default value for
all the bound variables in one branch and get the equality we need. If a = u is non-expansive, use the
induction hypothesis on each branch: there exists (z;)? such that (T, (xij @ mijlone e ]*V, (u =7 ()
di(rij)*(xij)’) v T = )" and (T, (x;j ¢ jlax — w%]*), (u = pr di(7i))¥(xi5)’) + 7 tree)’. Then,
consider ' = match u with (di(rij)k(xij)j — 7;)". Wehave T + 7/ =~ match u with (di(rij)k(xij)j — )t
(by applying the previous equality in each branch), and I'  match u with (dl-(rij)k(xij)j — 1) ~ by
C-Seuit and C-Rep-lota for each case. Moreover, I' + 7’ tree by TrREE-MATCH.

]

From this lemma, we can deduce that there exists a typing derivation where the type of all variables bound in

let is a match tree. The pattern matching in the types can then be eliminated by lifting the pattern-matching

outside of the let, as in — on Figure 23. This transformation is well-typed, and the terms are equal (the equality
can be proved by case-splitting on u). Moreover, it strictly decreases the number of match ... with ... in the

types of let-bindings. Thus we can apply it until we obtain a term with a derivation where all bindings are of
kind Typ.

In the new derivation, no variable in context has a match type. We can transform the derivation such that all
conversions are between ML types.

LEMMA 7.2. Supposel is a context where all variables have a ML type. SupposeI' v a : T, where T is a ML type
and no variables are introduced with a non-ML type in the main type derivation. Then, there exists a derivation of

T + a : T where all conversions of the main type derivation are between ML types.

Proor. We proceed by induction, pushing the conversions in the term until they meet a syntactic construction

that is not a match or a let. If we encounter a conversion, we combine it by transitivity with the conversion we

are currently pushing. ]
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let (x : match u with (d; 7 (x;;)) = 7;)") =ainb +—>; match u with (d; 7 (x;;)/ > let (x : ;) =ain b)’
match d; 7; (v;)" with (d; 7 (xj;)' = a;) +—  aj[xi; < v;]’
let x=uinb +—> blx < u]

match (match u with (di & (x;)’ — ax)¥)
with (di?(x,-j)j - b,’)i

!

match u with (dkE(xkj)j -
(match ag with (d;7 (x;;)7 — b;)')*

Fig. 23. Match and let lifting

We know (by soundness) that all equalities between ML types are either trivial (i.e. between two identical
types) or are used in a branch of the program that will never be run (otherwise, it would provoke an error).
In order to translate the program to ML, we must eliminate these branches from the program. There are two
possible approaches: we could extend ML with an equivalent of assert false and insert it in the unreachable
branches, but the fact that the program executes without error would not be guaranteed by the type system
anymore, and could be broken by subsequent manual modification to the code. The other approach is to transform
the program to eliminate the unreachable branches altogether. This sometimes requires introducing extra pattern
matchings and duplicating code. The downside to this approach is that in some cases the term could grow
exponentially. This blowup can be limited by only doing the expansions that are strictly necessary.

The transformations of Figure 23 all preserve types and equality. All let bindings and pattern matchings that
can be reduced by —, are reduced. When a pattern matching matches on the result of another pattern matching,
the inner pattern matching is lifted around the formerly outer pattern matching. These transformations preserve
the types and equality. These transformations terminate. After applying them, all pattern matching is done either
on a variable, or on an expansive term.

We first show that, in inhabited environments, all conversions between ML types are trivial.

Definition 7.3 (Inhabited typing environment). A typing environment T is inhabited if there exists an environment
Y mapping type variables to ground types and term variables to terms such that + y : T, that is, I y(x) : y(r) for
every binding x : 7inT.

LEMMA 7.4 (ML CONVERSIONS ARE TRIVIAL). If '+ 71 = 75 in eML whereT is inhabited and 11 and ©; are ML
types, then 11 = 7.

Proor. We only need to prove that, for ML types, if E[7;], = E[r;],, then 7; = 75. This is easy by induction.
For universal quantification, instantiate with a unique type. O

LEMMA 7.5 (ML CONVERSIONS IN CONTEXT ARE TRIVIAL). Consider an inhabited environment Iy, and assume
Ih - C[T + a:t]: 7’ Suppose thatT does not contain any equality. Then, if T v 11 ~ 7, and 11, T, are ML types,
1 = T2.

Proor. We only have to show how to construct an appropriate environment y. We proceed by induction on
the context, examining the introductions in the environment.

o If we introduce a variable x of type 7, and 7 has kind Typ, it is either a function type or a datatype, thus
is inhabited: for datatypes, we use the hypothesis made at the start that all datatypes are inhabited, and
fix (x : 71 = 1) y. x y is a function of type 71 — 7.

Inhabitation of all datatypes is necessary here because we are doing a semantic proof. If we were
doing a syntactic proof, we would have to change our hypothesis from inhabitability of I' to something
similar to T F=.
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o If we introduce a variable x of type scheme o of kind o that is not of kind Typ, the introducing form is
necessarily a polymorphic let. Let us call y the model until now (of I'). Then, we bind x to a non-expansive
term u, and I + u : y (o). Thus, y[x < u] is a model of T.

e If we introduce a type variable @, we can instantiate it with a fresh type {,. Then, r; = 1, if and only if
nla « {o] = n2la < Lol o

Then, we transform an eML term into an equivalent ML term (i.e. where all conversions have been removed),
by removing all absurd branches, typing it without equalities, and removing the conversions since they must be
trivial.

LEMMA 7.6 (CONVERSION ELIMINATION). Consider an inhabited environmentT'. AssumeT v a : 7 in eML and
every pattern matching in a is on a variable or an expansive term and all variables introduced in the environment
during the main type derivation have a type in Sch. Then, there exists a’ such that O+ a ~a’ and O + a’ : T in ML.

Proor. We generalize to an environment I': suppose I' - a : 7 and suppose we have a substitution y of term
variables with non-expansive terms without match or let (i.e. values with variables). Moreover, suppose that all
substitutions in y are equalities provable in I, and y (T') only has trivial equalities (i.e. provable by reflexivity) or
useless equalities (i.e. involving an expansive term). Removing these equalities, we obtain I'". Then, there exists
a’ such thatI'" + @’ : 7 in ML (the type 7 is in ML, and, in particular, does not reference term variables from T’),
and I + y(a) ~ a’. We will also need to suppose that there is a context such that® + C[I" + a : 7] : 7.

We prove this result by induction on the typing rules. We will examine the two interesting cases: the conversion
rule and the pattern matching rule.

e For Conv:
Conv

Frr=~r’ Tta:r

Il'ta:r
By hypothesis, 7’ is a ML type. Then, I'' + y(7) = y(z’). Then, use Lemma 7.4 in the context C: 7 = 7’
and the conversion can be eliminated. Then, apply the induction hypothesis in the same context C with
the substitution y.
e For MarcH:

MaTcH ) )
Trr:Sch  (di: V() (i) — ¢ (a)F)! .
Tra:{(m)f (TG mlar « nd¥), (@ =g dilr) (i) by 2 7)
T+ match a with (d;(z;;)% (xi;)) — bi)' = ¢
If a is expansive, the equality introduced is useless, and we can continue typing in the new context.
Consider the case where a is non-expansive. Then, a is necessarily a variable x. Consider y(x).
- If y(x) = y, apply the induction hypothesis in each branch, with y” = y[y « d;(z;;)* (x;;)’], adding
match y with ... to the context.
- Ify(x) = di(rie)* (u; )/, we can substitute and reduce the pattern matching. Then, apply the induction
hypothesis on the branch b;, with y[x;; < u;;}.
— The other cases are excluded by typing in the (equality-free) environment I'’.

We can conclude: in the empty environment, no equalities involving variables are provable, thus y is the
identity andI'" =T = 0. m]

Thus we prove that elimination is possible. The transformations we apply preserve the equality judgment of
eML, thus the eML term and the ML term obtained after the transformation are equivalent for the logical relation:
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THEOREM 7.7 (MATCH ELIMINATION). IfT + a : 7 in eML whereT is inhabited and all program variables have an
ML type and t is an ML type, then there exists an ML term a’ such thatT' - a = a’ and T + a’ : . Moreover, we have
I'"+a’ :7in ML whenT’ is obtain from T by removing all equality assumptions.

The restriction to inhabited typing environment is not a significant problem in practice, as we expect the initial
environment to be inhabited.

Proor. Apply the transformations — and — described in this section. Transform the derivation so that all
conversions are between ML types with Lemma 7.2. Eliminate the conversions using Lemma 7.6. O

8 Encoding ornaments

We now consider how ornaments are described and represented inside the system. This section bridges the gap
between mML, a language for meta-programming that doesn’t have any notion of ornament, and the interface
presented to the user for ornamentation. We need both a definition of the base datatype ornaments, and the
higher-order functional ornaments that can be built from them.

As a running example, we consider the ornament natlist a from natural numbers to lists defined as:

type ornament natlist « : nat — list @ with Z — Nil | S w — Cons (., w)

The ornament natlist & defines, for all types «, a relation between values of its base type nat which we write
(natlist )~ and its lifted type list @ which we write (natlist «)": the first clause says that Z is related to Nil; the
second clause says that if w_ related to w,, then S w_ is related to Cons (v, w, ) for any v. As a notation shortcut,
the variables w_ and w, are identified in the definition above.

A higher-order ornament natlist 7 — natlist 7, say w, relates two functions f_ of type w~ equal to nat — nat
and f, of type w* equal to list 7 — list 7 when for related inputs v_ and v,, the outputs f~ v_ and f; v, are
related.

We formalize this idea by defining a family of ornament types corresponding to the ornamentation definitions
given by the user and giving them an interpretation in the logical relation. Then, we say that one function is a
lifting of another if they are related at the desired ornament type. This relation also gives us the reasoning tool to
establish the ornamentation relation between the base type and the lifted type.

The syntax of ornament types, written w, mirrors the syntax of types:

x == natlist | ... o= 9|y (@ o>

An ornament type may be an ornament variable ¢; a base ornament y (we consider the problem of defining base
ornaments below); a higher-order ornament w; — w;,. or an identity ornament { (w)*, which is automatically
defined for any datatype of the same name (w; indicates how the i-th type argument of the datatype is ornamented).

An ornament type o is interpreted as a relation between terms of type w~ and w* (the projection is detailed
on Figure 24). For example, the ornament list (natlist nat) describes the relation between lists whose elements
have been ornamented using the ornament natlist nat.

We will define in the next section how to interpret the base ornaments y, and focus here on the interpretation
of higher-order ornaments w; — w, and identity ornaments ¢ (w;)".

The interpretation we want for higher-order ornaments is as functions sending arguments related by ornamen-
tation to results related by ornamentation. But this is exactly what the interpretation of the arrow type r; — 7,
gives us, if we replace the types 7; and 7; by ornament types w; — w,. Thus, we do not have to define a new
interpretation for higher-order ornament, it is already included in the logical relation. For this reason, we will
use interchangeably (when talking about the logical relation) the function arrow and the ornament arrow.

We have the same phenomenon for the identity ornament: constructors are related at the identity ornament
if their arguments are related. Once more, we can simply take the interpretation of a datatype { (7;)* and, by
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replacing the type parameters (7;)’ by ornament parameters (w;), reinterpret it as an interpretation of the
identity ornament. We will show that this choice is coherent by presenting a syntactic version of the identity
ornament and showing it is well-behaved with respect to its interpretation.

Finally, ornament variables must be interpreted by getting the corresponding relation in the relational environ-
ment. This is exactly the interpretation of a type variable.

Thus, the common subset between types and ornament specifications can be identified, because the interpre-
tations are the same. This property will play a key role in the instantiation: from a relation at a type, we will
deduce, by proving the correct instantiation, a relation at an ornament.

8.1 Defining datatype ornaments

We assume that all datatypes defined in the language are regular and at most single recursive. The extension to
families of mutually-recursive datatypes is straightforward, but makes the notations significantly heavier. We
do not treat the problem of non-regular datatypes. Then, each regular datatype ¢ (a;)* is defined by a family of
constructors:
(dj = (@i : Typ)! (misY — ¢ (a))*

where { may occur recursively in 7i; but only as { (@;)". Let @ be a fresh variable and #;; be 7;; where all
occurrences of { (a;)" have been replaced by @ We define the skeleton of { as the new non-recursive datatype’
f (@;)*@ with the family of constructors:

(di : ¥ : Typ) ¥(@ = Typ) (31 = { (a)'@)"

By construction the types { 7 and f T (¢ T) are isomorphic.

Ornament definitions match a pattern in one datatype to a pattern in another datatype. We allow deep
pattern matching: the patterns are not limited to matching on only one level of constructors, but can be nested.
Additionally, we allow wildcard patterns - that match anything, alternative patterns P | Q that match terms that
match either P or Q, and the null pattern () that does not match anything. We write deep pattern matching the
same as shallow pattern matching, with the understanding that it is implicitly desugared to shallow pattern
matching.

In general, an ornament definition is of the form:

type ornament y (aj)j 4 (t)F - 7, with (P; - Q;)’

with y the name of the datatype ornament, { (7x)* the base type, say 7_ for short, and 7, the lifted type. The
meaning and restrictions on ornament definitions are easier to define by referencing the skeleton of the base
type. We define the skeleton patterns (P;)! obtained from (P;)’ by replacing the head constructor d (of {) by d.If
one of the pattern P; does not have a head constructor, the ornament definition is invalid.

The patterns P; (or equivalently P;) must be expressions i.e. in the sublanguage consisting only of variables
and data constructors. The family of skeleton patterns (P;)’ must form an exhaustive partition of the type
Y(a : Typ) f ()% . The universal quantification ensures that they only match the recursive occurrences of 7_
with variables. This is necessary to be able to ornament incrementally: during ornamentation, we will use these
patterns to match terms where the recursive variable of the skeleton is instantiated with z, instead of z_. The
patterns (Q;)? must form a partition of a subset of z,. The free variables in P; and Q; must be the same and their
types must correspond: if x matches a value of type ¢ in P;, it must match a value of type o[¢ « 7,] in Q; (the
recursive part @ is instantiated with z,, the type of the variable in P; is o[@ « 7_]).

We define the meaning of a user-provided ornament by adding its interpretation to the logical relation on
mML. The interpretation is the union of the relations defined by each clause of the ornament. For each clause, the

7 For convenience we treat f as curried: we write f(ai)id rather than f((ai)i, a).
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values of the variables must be related at the appropriate type. Since the pattern on the left is also an expression,
the value on the left is uniquely defined. The pattern on the right can still represent a set of different values
(none, one, or many, depending on whether the empty pattern, an or-pattern or a wildcard was used). We define

a function |_| associating to a pattern this set of values.

[(:0)| = Term fpiel =[rlufo| Jd@)* )| = @) ([P:))

Assuming that (x;)¢ are the bound variables, at types (77)¢, in the skeleton P; of the left-hand side of the clause
i, the interpretation is:

Volx (@) = J{ Pilxe = ve)00) |04 € [Qilxe — 0015\ AVL (0o, ves) € Vylaeld — x (@)1, )
The key point of the definition is that we instantiate the variable & recursively with our ornament so the
recursive parts are correctly ornamented.
For example, on natlist, we get the following definition (omitting the typing conditions):

Vi[natlist 7], = {(Z,Nil)} U { (S(v2), Cons(,,vy) | (v-,vs) € Vi[natlist T]y}

8.2 Encoding ornaments in mML

We now describe the encoding of datatype ornaments in mML. We consider a specific instance y (w;)’ of the
datatype ornament y. The lifted type o (,,)/, which we abbreviate as o, is 7 [@; « Lo;.“]j . We write® #_ for the

type f (tie[ej < a);.r]j )ko of the skeleton where the recursive parts and the type parameters have already been
lifted. The ornament is encoded as a quadruple (o, 8, proj, cstr) where o : Typ is the lifted type; J is the extension,
a type-level function describing the information that needs to be added; and proj and cstr are the projection
and construction functions shown in §3. More precisely, the projection function proj from the lifted type to the
skeleton has type II(x : o). - and the construction function cstr has type II(x : 7_). II(y : § § x). o, where the
argument y is the additional information necessary to build a value of the lifted type. The type of y is given by
the extension § of kind 7 — Typ, which takes the skeleton and gives the type of the missing information. This
dependence allows us to add different pierces of information for different shapes of the skeleton, e.g. in the case
of natlist &, we need no additional information when the skeleton is Z, but a value of type & when the skeleton
starts with S, as explained at the end of §3.1. The encoding works inductively, i.e. one layer at a time, thus all the
functions take an argument of type 7_.

The projection proj, ( o) from the lifted type to the skeleton is given by reading the clauses of the ornament
definition from right to left:

Projy oy 0 = Aﬁ(x : Oy (w;)7)- match x with (Q; — P!

The extension &, (,,)/ is determined by computing, for each clause P; — Q;, the type of the information missing
to reconstitute a value. There are many possible representations of this information. The representation we use is
given by the function [Q;] mapping a pattern to a type and defined below’. There is no missing information in
the case of variables, since they correspond to variables on the left-hand side. In the case of constructors, we
need the missing information corresponding to each subpattern, given as a tuple. For wildcards, we need a value

of the type matched by the wildcard. Finally, for an alternative pattern, we require to choose between the two

8The subscript — in 7_ is to suggest that the non-recursive part has not yet been lifted, by contrast with z,.
Formally, we translate pattern typing derivations instead of patterns
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sides of the alternative and give the corresponding information, representing this as a sum type ; + 7.

[(-:0)] =7 [P1Q] = [P]+[Q]
[x] = unit [d(Pr,.. Pa)] = [Pi] X .. [Pu]

Then, the extension J, (,,;); matches on the (P;)* to determine by which clause of the ornament definition the
given skeleton is handled, and returns the corresponding extension type:

Oy (wy + Mlx:o0). 2 = M(x: 7). matchx with (5; - [Q;])’

The code reconstructing the ornamented value is given by the function Lift(Q;, y) defined below, assuming that
the variables of Q; are bound and that y of type [Q;] contains the missing information:

Lift(L,y) = y Lift(P | Q,y) = match y with inl y; — Lift(P,y;) | inr y, — Lift(Q, y2)
Lift(x,y) = x Lift(d(P;)%, y) match y with (y;)! — d(Lift(P;, y;))*

The construction function cstr (,,,); then examines the skeleton to determine which clause of the ornament to

apply, and calls the corresponding reconstruction code (writing just & for 5, ()

(x:7).I(y:64x).0 = AF(x:2). A¥(y: 5fx). match x with (P; — Lift(Q;,y))’

CStry (@)

In the case of natlist, we recover the definitions given in §3.3, with a slightly more complex (but isomorphic)
encoding of the extra information:

Onatlistz = list 7 N )
Onatlist 7 = )Lﬁ(x : nat(list 7)). match x with Z — unit | S x — 7 X unit
Proj atlist r = A#(x : list 7). match x with Nil = Z | Cons (y,-) — S y
Cstratlistr = Aﬁ(x : nAt(“St T)); Aﬂ(y : Snatlist ¢ ﬁx) .
match y with Z — (match y with () — Nil) | S x” — (match y with (y’, ()) — Cons (y’,x"))

The identity ornament corresponding to a datatype ¢ defined as (d; : V(e : Typ) ()% — (a;)))" is
automatically generated and is described by the following code (since we do not add any information, the
extension is isomorphic to unit):

type ornament { (a;) : { (a;) — { (a;) with (d; (x)* = di(x)F)?

8.3 Correctness of the encoding

We must ensure that the terms defined in the previous section do correspond to the ornament as interpreted by
the logical relation, as this is used to prove the correctness of the lifting. More precisely, we use the fact that
the functions describing the ornamentation from the base type 7_ to the ornamented type o, (,,;); are related
to the functions defining the identity ornament of 7_: the projection function maps related values to the same
skeleton (with related recursive occurrences), and the construction function maps a skeleton with related recursive
occurrences and any patch to related values.

THEOREM 8.1 (ORNAMENTS ARE RELATED TO THE IDENTITY ORNAMENT). Consider an ornament ¢ = y (w;)’ with
base type t_ = { (tx[aj a)j_]f)k and ornamented type o. Then:

o Sl (w;)]y is a relation, say R, between 7_ and o;

e (proj, , pron(wj),-) € V[II(x : ¢).  (t[erj < wf]])k<p][(p<_R];
e (cstro,cstry (,,)) € V[II(x : f(rk [aj « wj]j)k(p). O(y : St x). ¢, wherey is[p < R,5, < (A_. Top)]
and Top is the relation relating any two values (of the appropriate types).

, Vol. 1, No. 1, Article 1. Publication date: January 2016.



A Meta-Language for Ornamentation in ML« 1:51

Proor. The relation is well-defined by induction on the index and the structure of the left-hand side term.
For the second and third point, case-split on the structure of the arguments until the terms reduce to values,
and compare them using the relation. ]

Together, these properties allow us to take a term that uses the encoding of a yet-unspecified ornament ¢ and
relate the terms obtained by instantiating with the identity and with another ornament, using the ornament’s
relation. We use this technique to prove the correctness of the elaboration.

We also prove that the logical interpretation of the identity ornament is the interpretation of the base type. Let
us note (temporarily) id; the identity ornament defined from the datatype {.

LEMMA 8.2 (IDENTITY ORNAMENT). For ally, E[id; (wi)']y = Ek[{ (wi)']y.

Proor. The definitions are the same. |

9 Elaboration

The goal of the elaboration is to transform an ML program into a generalized mML meta-program such that
ornamentation can take place simply by passing the appropriate meta-arguments to the mML program. We need
a way to describe how a generic program can be instantiated, what the result is, and how it is related to the
original program.

Instead of abstracting over the meta-arguments, we will pass them through the environment. Thus, a generic
program comes with a description of an ornamentation environment that will be later instanciated. For example,
the function add defined in §3.3 has a generic lifting add_gen that takes the terms describing two ornaments ¢,,
and ¢, of nat, as well as a patch. We then get a lifting of ornament type ¢,, = ¢, — ¢n.

We describe the lifting of an ML term a_ to an mML term a, through an elaboration judgmentI' + a_ ~ a, : w.
The elaboration to a generic lifting depends only on the term, and not on the lifting specified by the user, which
will only be used during the instantiation phase. Hence, the ornamentation environment I' and the resulting
ornamentation type w may be read as an outputs of the judgment: I' contains a list of ornaments and patches
needed to type the generic lifting, and will have to be instantiated to produce a concrete lifting; w gives the
ornament type linking the base term to the lifted type given by the instantiation.

The ornamentation environment I is not simply an mML environment: it describes both the role of each
argument that must be given to the generic lifting and the link between the base term and its lifting. Namely, each
an abstract ornament is represented as a tuple ¢ — (o, d, proj, cstr) < 7, which binds an ornament variable ¢
that can be used as an ornament of the type 7, and a quadruple of variables (o, §, proj, cstr) corresponding to the
encoding of the ornament ¢ in mML. These are free variables in the generic lifting that will later be instantiated
with the components of a concrete ornament. The environment I' also contains patch variables x :# ¢ that are
used to pass patches to the generic lifting. To cope with ML parametric polymorphism, the environment also
contains type variables (a_, @, @, ) where a_ and ., are the base type variable and lifted type variable associated
to the ornament type variable a. The base type variable is bound in the base term, while the lifted type variable
can be used in the lifted term.

During the ornamentation process, the ornamentation environment I' also accumulates bindings x : w and
A =, A corresponding to the variables and equalities in scope. The ornamentation environment can be projected
to a base environment I'” and a lifted environment I'*, such that if I + a_ ~ a, : 0, we have bothT™ + a_ : 0~
andI'" + a, : @*. The projections of an environment I'* and of an ornament wf. are defined on Figure 24 (we
write € for either + or — to avoid duplication).
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I i= 0|1, (a,,) | Tox:w | T,A=5 A|T,¢ > (0,5, cstr,proj) <z | T, x Ao

T, x:w) =T x: of
(T, (-, a,a4))¢ = T€ a5 : Typ
T,x#0)” = LA=xB) = T,op (...)<7)” =TI~
(T,x A o)f =THhx:0o
(T,A=, B)* = T*, A=, B
(T, ¢ - (0,8, proj,cstr) < 7)* = T* o:Typ, § : o — Typ, proj : II(x : 0). o,

cstr:(x:70). I(y : 6 x). o
(a_,a,ay) €T o (0,...)<reT

— - — + _
ar = Os Pr = 1Tr ¢r = O

(01 = w)f = (0))f = (@2)F (@) = {((@F)
Fig. 24. Projection of ornament environments and types

As an example, the generic lifting of the code a_ of the function add of §3.3 is the code a. of the function
add_gen'® which verifies T + a_ ~ a; : ¢, = @ — @ Where T is ¢, — (0, 5p, Nproj» Nestr) < Nat,  @p =
(Oms S, Mproj, Mestr) < nat, Py # 1(p). 8, #S (add, m’ n) and p binds'* add, : 0,y = 0y = Op, M : O, M’
Om,> N i Op, ©: Mproj fm = S(m’). The genetic lifting add_gen can then be instantiated by substituting the terms
and types describing an ornament for the variables o, dp, Nproj, Niestr and similarly for m, and by providing an

appropriate patch.

9.1 Elaboration rules

To simplify the meta-theory, we restrict lifting to ML terms that do not contain polymorphism. This does
not restrict the class of ML programs that can be lifted, as we can obtained such a program by expanding all
polymorphic bindings. We will discuss in §9.3 how to handle term variables defined in other phrases that have a
polymorphic type.

For a simpler presentation, we assume that constructors and pattern matching are always applied to variables.
This condition can be met by lifting terms appearing in constructors and as arguments of pattern matching into
(monomorphic) let bindings.

The elaboration rules, given on Figure 25, closely follow the syntax of the original terms: variables, abstractions,
applications, and let bindings are ornamented to themselves. In Rule E-Con, the constructor is elaborated to a call
to an ornament construction function. The additional information is generated by a patch, which must come
from the environment I', and which receives as argument all the variables available in the lifted projection of the
context I'". In Rule E-MarcH, a call to the projection function is inserted before the pattern matching and the
branches are elaborated separately.

At each construction and pattern matching, we need to choose a datatype ornament. The datatype ornaments
are described through an auxiliary judgment I’ + @ — o, d, proj, cstr <I 7 that returns the tuple containing values
representing the ornament w of the type 7. We only allow using the identity ornament (Rule Orn-Ip) or an
abstract ornament from the environment (Rule Orn-Vagr): the variables can later be instantiated with concrete
ornaments, but keeping them available as variables for the moment is necessary to prove the correctness of the
ornamentation using a parametricity argument.

19The function add_gen given in the overview abstracts over the components of the ornamentation environment, which this version of does
not.
"The equality o : mproj f m = S(m’) was left implicit in the overview.
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We have the typing property we announced previously:

LEMMA 9.1 (WELL-TYPED ELABORATION). The generated mML terms are well-typed: if T v a_ ~ a, : w, then

I'ta_:w andTt Fa, ot

Proor. By induction on an elaboration, we can reconstruct a typing derivation for the two sides. ]
Moreover, all well-typed terms have an elaboration:

LEMMA 9.2 (AN ELABORATION EXISTS). Let a be a well-typed ML term without polymorphism and where construc-
tion and pattern matching are only done on variables. Suppose O \- a : 7. Then, T is also an ornament type, and there
exists ay such thatT' + a~> ay : 7, withT' an environment only containing patches.

Proor. By induction on the typing derivation: we can imitate the typing derivation. We only choose identity
ornaments (Orn-Ip), and add the required patches to the environment. ]

9.2 Instantiation and correction

The elaboration of a base term a_ into a generic lifting a, uses only the definition of A_, thus a, has not yet been
specialized to a specific lifting. This returns an environment I" and an ornament o such thatI' + a_ ~ a4 : ©
holds. The environment I' describes the list of datatype ornaments and patches that are free in a.. To obtain a
concrete lifting, we have to build an instantiation of I' with specific ornaments and patches. We will discuss later
how to choose this instantiation from the information given by the user. The instantiation is represented by an
environment y, of signature I'* (the projection of T).

We give a more precise definition of the instantiation:

Definition 9.3 (Instantiation). An instantiation y, of an ornamentation context I' is given by:
e For an ornament binding ¢ + (o, 8, proj, cstr) <1 7, choose a concrete datatype ornament ¢ = y (w;)’,
and substitute o, §, proj, cstr by the corresponding definitions given in §8.
e For a parametric binding (o, @, @), set an ornament w and y (a4 ) = w*.
e For a patch, a term of the correct type.

We have: T* F y,.

Since we restricted the elaboration to only using the identity ornament and ornament variables, there always
exists an identity instantiation y'¢ that instantiates every ornament with the identity ornament. We can show
that the term yi4(a, ) is equal to a_ (for the mML equality judgment).

LEMMA 9.4 (IDENTITY INSTANTIATION). Supposel + a_ ~» a, : w. There exists an identity instantiation yi¢ of T*
such thatT™ v a_ = yid(ay).

Proor. By induction on the derivation. The identity instantiation is constructed as follows:

o Use the identity ornament for the ornament variable.
o All patches will return in the extension of an identity ornament. The extensions of identity ornament are
isomorphic to unit, thus we can construct a suitable (terminating) patch.

The equality is proved syntactically by induction, using C-Seuit in the case of pattern matching. ]

Correction of the lifting: We can then build a relation environment y that contains the identity ornaments and

patches on the left-hand side, and our instantiation on the right-hand side. We have to give an interpretation of
the ornament variables that appear in the result type: they are instantiated with the relation corresponding to the
datatype ornament. Then, y™ is in G¢[I'"]. We conclude that (y%(a,), v, (ay)) is in & [a)]yiel, i.e. Ex[y*(w)]o.
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E-Var E-LeT E-App
x:w€eTl Tra~A:wy T,x:wprb~B:w F'ra~A:w —»>w, TrHb~B:w
Trx~x:w F'tletx=ainb~letx=AinB:w T'rab~ AB: w,
E-Fix

[x:w 2 wpy:oka~A:iwy 1= () 7= (w); o01=(w)f o0z=(w)f

IF'rfix(x:m—=n)y.a~fix(x:01—>02)y. A:w; > w2

E-ConN I'rwe o0,d,cstr,proj < ¢ (a)i)i
Fd V() 'a (Y = () (gl « o) @ — o]y €T (p#T*= 64d(x;))) eT
T'+d(x;) ~ lety=p#TTin cstrﬂd(xj)jﬂy o)

E-MAtcH ' . ' ' )
x:w9 €l TFawy o,6,cstr,proj <& (w;)"  (Fdi:Y(ai)'a () = ¢ (ai)’)k
(T, (ykj : Tkj[(ai — w;)',d « wol), projfx =¢ (@)})io dk(ykj)] Fag ~ Ag: w)k

I' + match x with (dk(ykj)j — a)F ~ match proj §f x with (cfk(ykj)j - ANk 0

ORN-VAR ORN-ID )
¢ = (0,8, cstr,proj) A7 €T {:(Typ)' — Typ
I't¢ o,8,cstr,proj <t r'r¢ (wi)' §((wi)r+)i,5§ ()15 CSEZ (w;)1> PTOJ 7 (o)1 < 4 (w;)'

Fig. 25. Elaboration to a generalized term

Finally, because equal terms are in the same relations, (a_, y(a;)) € Ex[y™ (w)]o: the base term is related to the
lifted term at the ornament type y™!(w).

Definition 9.5 (Relational environment). The relational environment y™! is defined as follows:

o If we used the ornament w to instantiate ¢, o « Ex[w]p, § « A(x). Top, cstr « (cstryg, cstry,), proj «

(proj;g proj,,)- '
e If we used a patch p to instantiate x, x « (yi4(x), p).
rel rel rel

Then, %, = yid and yr , = Y+ We will also, as a notational convenience, say that (;¢) = y}{*(¢) = w, i.e. that
ornament variables are mapped to the corresponding ornament.

LEMMA 9.6 (THE RELATIONAL ENVIRONMENT INTERPRETS). We have: yffl € Gk[T*].

Proor. For patches this is immediate (Top contains everything if the left-hand side terminates). For ornaments,
use the correction theorem (Theorem 8.1). O

THEOREM 9.7 (CORRECTION OF THE LIFTING). SupposeI' - a_ ~ ay : w, and let y, be an instantiation of T'. Then,
(a-,y+(as)) € Exly+(w)].
Proor. We have y™ € Gi[T*]. Thus, (y'4(ay), y.(ay)) € Ek [w+]yie1. We can substitute the left-hand side by

a_ by stability of the relation by equality. We have a substitution result: & [0)+]Yiel = Ely(0h)] = Eklys (0)]
(syntactically for the last part: the types are simply equal). ]

For example, in the case of add and append, we obtain that (add, append) is in E[natlist 7 — natlist 7 —
natlist 7]g for any type 7. We can subsequently generalize on 7 to obtain a polymorphic append function.

This result is also used in reverse by the instantiation process to partially determine y,: from the ornament
signature given by the user, we can infer some of the ornaments that should be used for instantiation. For example,
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if we ask for a lifting of add at type natlist 7 — natlist 7 — natlist 7, we can deduce that ¢,, and ¢, should be
instantiated with natlist 7. The ornament variables that do not appear in the signature o are determined using the
strategies given by the user (e.g. always using a given ornament if possible), or have to be instantiated explicitly.

9.3 Open ornamentation and polymorphism

These results can be extended to the case of open ornamentation, where a number of definitions (are assumed to)
have already been ornamented but their code is not available. Ornamentation is modular: it is possible to lift a
function that uses another function using only the signature of a lifting of this function.

For example, when generalizing add, we store the type of the generalized lifting add_gen: it can have ornament
type ¢m — ¢n — ¢, for any two ornaments ¢,,, ¢, of nat. Now consider the instantiation that gives append:
for any type «, we instantiate ¢, and ¢, with natlist a. As usual in ML, we generalize append on « when
adding it to the context, and we store the information that, for all «, append « is an ornament of add with
®m = ¢n = natlist a. Then, when encountering an use of add in a function, we can replace it with some
instance of append in the instantiation environment (and with add again in the identity environment). The two
environments are related since add and append are related, thus the ornamentation is correct.

9.4 Termination via the inverse relation

In order to prove that, when the patches terminate, the lifted term does not terminate less that the base term, we
need to use the relation the other way, with the base term on the right and the lifted type on the left.

The relation is defined similarly. The only difference is that the Top relation, in the first case, relates any term
on the base side (i.e. the left) to a non-terminating term on the lifted side (i.e. the right), while the reversed Top
relates any terminating term on the lifted side (i.e. this time, the left) to any term on the base side (i.e. the right).
Thus, the difference occurs at instantiation: we need to prove that the patches terminate to inject them in the
relation.

The definition is simply reversed and the properties are similar:

10 Discussion
10.1 Implementation and design issues

Our prototype tool for refactoring ML programs using ornaments closely follows the structure outlined in this
paper: programs are first elaborated into a generic term and then instantiated and reduced in a separate phase.
From our experience, this approach is more modular and less error prone than an attempt to go directly from
base terms to ornamented terms. At this stage, our prototype is just of proof of concept and more features of
different nature and different level of difficulties guided by more experimentation will certainly be needed to
obtain a mature tool.

As presented, ornamentation abstracts over all possible ornamentation points, which requires to specify
many identity ornaments and write corresponding trivial patches, while many datatypes will probably never
be ornamented. Instead of specifying these ornaments manually, using rules that may need to be repeated in
many liftings, we could also allow toplevel rules. For example, refactoring a library may need a specific ornament
for one type and the identity ornament for all others. For efficiency reasons, we could also avoid generating
ornamentation points in the generic lifting when we know in advance that they will use the identity ornament.

The ornamentation strategies we provide seem to work well for small examples, but it remains to see if they
also scale to larger examples with numerous patches.

More exploration is certainly needed on user interface issues. Ornaments can be used in different scenarios.
For refactoring, ornaments are just used to modify the base code into the lifted code, after which the base code
may be ignored—or just kept for archival purposes. In other scenarios, both the base code and the lifted code
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may coexist in the same program. Then, the base code may be updated and changes should ideally be propagated
to the lifted code. For such cases, we may need other constructs for describing patches that will be more robust
to base code changes. Currently, our only user interface is to describe lifting and patches in batch mode, but
it is easy to imagine building some interactive tools on top of this interface, that will display the skeleton of
incomplete liftings and point the user interactively to all occurrences that need some user input.

10.2 Deep pattern matching

Most ML programs use deep pattern matching, while the language formalized, as well as the core of our prototype,
only treats shallow pattern matching. When compiling deep pattern matching to shallow pattern matching, we
annotate the generated matches with tags that are maintained during the elaboration and we try to merge back
pattern matchings with identical tags after elaboration, so as to preserve the structure of the input program
whenever possible. This seems to work well, and a primitive treatment of deep pattern matching does not seem
necessary and would be more involved, so we currently do not feel the need for such an extension.

Pattern matched clauses with wildcards may be also exploded in different clauses with different head construc-
tors. For the moment we factor them back only in obvious cases, but we plan to also use tags to try to refactor
clauses in the lifted code that originate from the same clause in the base code.

10.3 Let bindings

The ornamentation of let-bound functions can be specialized differently at each use point, which may duplicate
code during meta-reduction which happens at ornamentation time.

Currently, the elaboration expands all local polymorphic let-bindings in the base code. The expressions resulting
from the expansion could be tagged so as to share them back after ornamentation if their instantiations are
identical. This approach also requires the user to instantiate what appears to be the same code at different
program points. Another approach would be to allow the user to provide several ornamentations at the definition
point, and then choose one ornamentation at each usage point. From a theoretical point of view, this is equivalent
to ornamenting each usage point separately and then folding back the common instantiations at the original
definition point.

Another solution could be to restrict ornamentation polymorphism, and therefore force some instantiations to
be shared. We could even treat (at least by default) all local let-bindings monomorphically, e.g. as in Haskell [6].

We also generate extra monomorphic let-bindings to ensure that constructor applications and pattern matchings
are only done on variable. Besides, generating these extra bindings allow us to preserve the evaluation order of
the original program. While this does not influence the result in our presentation as our language is assume to
pure, this is necessary for applying ornaments in actual ML programs. These let-bindings are then expanded in
the lifted program when they bind values or are linear and their expansion preserves the evaluation order. In our
experience, these transformations produce easily readable output programs.

10.4 Naming conventions

Several phase introduce auxiliary variables: the lifting itself that may expend wildcards, introduce shallow pattern
matching or auxiliary let-bindings. Some of these bindings will eventually be expanded, but some will remain in
the lifted program. Since we wish the lifted code to be readable, it is important in practice to select meaningful
names. While this is an orthogonal issue and we have not done anything yet, simple strategies such as choosing
prefixes based on user-provided names appearing in similar patterns could be easy to implement and increase
readability significantly.
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10.5 Lifting

When the lifting process is partial, it returns code with holes that have to be filled manually. Our view is that
filling the holes is an orthogonal issue that can be left as a post-processing pass, with several options that can be
studied independently but also combined. One possibility is to use code inference techniques such as implicit
parameters [2, 13, 15], which could return three kinds of answers: a unique solution, a default solution, i.e. letting
the user know that the solution is perhaps not unique, or failure. In fact, it seems that a very simple form of
code inference might be pertinent in many cases, similar to Agda’s instance arguments [5], which only inserts
variable present in the context. An alternative solution to code inference is an interactive tool to help the user
build patches.

In our presented, we implicitly assume that all the code is available to the ornamentation tool. Ornamentation
schemes can be derived for the whole program, ornamented at once. In many realistic scenarios, programs are
written in a modular way. A module ornamentation could describe the relation between a base module and an
ornamented module. As in the case of open ornamentation, generalization would have to consider functions from
other modules as abstract, and such functions would have to be instantiated by an equivalent function. Modular
ornamentation could be applied to libraries: when a new interface-incompatible version of a library appears,
a maintainer could distribute an ornamentation specification allowing clients of the library to automatically
migrate their code, leaving holes only at the crucial points requiring user input.

10.6 Semantic issues

Our approach to ornamentation is not semantically complete: we are only able to generate liftings that follow the
syntactic structure of the original program, instead of merely following its observable behavior. Most reasonable
ornamentations seem to follow this pattern. Syntactic lifting seems to be rather predictable and intuitive and lead
to quite natural results. Syntactic lifting also helps with automation by reducing the search space. Still, it would
be interesting to find a less syntactic description of which functions can be reached by this method.

Our presentation of ornamentation ignores effects, as well as the runtime complexity of the resulting program.
A desirable result would be that an ornamented program produces the same effects as the original program, save
from the effects done in patches. A problem is that effects done in patches could influence the automatically
generated code (for example, modification of a reference). Similarly, the complexity of the ornamented program
should be proportional to the complexity of the original one, as long as the patches run in constant time (or
excluding the computation done in those patches).

We have described ornaments as an extension of ML, equipped a call-by-value semantics, but only to have a
fixed setting: our proposal should apply seamlessly to core Haskell.

10.7 Beyond ML

Extending our results to the case of generalized abstract datatypes (GADT) is certainly useful but still challenging
future work. Programming with GADTs requires writing multiple definitions of the same type, but holding
different invariants. GADT definitions that only add constraints could be considered ornaments of regulars types,
which was actually one of the main motivations for introducing ornaments in the first place [4]. It would then be
useful to automatically derive, whenever possible, copies of the functions on the original type that preserve the
GADT’s invariants. A possible approach with our current implementation is to generate the function, ignoring
the constraints, and hoping it typechecks, but a more effective strategy will probably be necessary. Besides the
problem of type inference, GADTs will also make this analysis of dead branches more difficult. GADTs also raise
the question of non-regular data-structures, which we haven’t explored yet.

Although dependently typed, the meta-language mML is in fact quite restrictive. It must fulfill two conflicting
goals: be sufficiently expressive to make the generic lifting well-typed, but also restrictive enough so that
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elaborated programs can be reduced and simplified back to ML. Hence, many extensions of ML will require
changing the language eML as well, and it is not certain that the balance will be preserved, i.e. that lifted program
will remain typable in the source language.

The languages eML and mML have only been used as intermediate languages and are not exposed to the
programmer. We wonder whether they would have other useful applications either for other program trans-
formations or providing the user with some meta-programming capabilities. For example, eML is equipped to
keep track of term equalities during pattern matching and could perhaps have applications in other settings.
Similarly, mML provides a form of meta-programming with good meta-theoretical properties and one might
consider exposing it to the user, for example to let her write generic patches that could be instantiated as needed
at many program points.

The design of eML balances two contrasting goals: we need a language powerful enough to be able to type the
ornament encoding, but we also want to be able to eliminate the non-ML features from a term. We could encode
specific ornaments by reflecting the structure of the constructors into GADTs, but this would only work for one
given structure. The extension function 6 allows us to look arbitrarily deep into the terms, depending on what
ornament we want to construct.

11 Related works

Ornamentation is a concept recently introduced by [3, 4] in the context of dependently typed languages, where
it is not a primitive concept and can be encoded. The only other work to consider applying ornaments to an
ML-like language we are aware of is [16].

Type-Theory in Color [1] is another way to understand the link between a base type and a richer one. Some
parts of a datatype can be tainted with a color modality: this allows tracing which parts of the result depend on
the tainted values and which are independent. Terms operating on a colored type can then be erased to terms
operating on the uncolored version. This is internalized in the type theory: in particular, equalities involving the
erasure hold automatically. This is the inverse direction from ornaments: once the operations on the ornamented
datatype are defined, the base functions are automatically derived, as well as a coherence property between the
two implementations. Moreover, the range of transformations supported by type theory in color is more limited:
it only allows field erasure, but not, for example, to rearrange a products of sums as a sum of products; conversely,
it also allows erasing function arguments, which we do not support yet—but could easily add.

Programming with GADTs may require defining one base structure and several structures with some additional
invariants, along with new functions for each invariant. Ghostbuster [9] proposes a gradual approach, by allowing
as a temporary measure to write a function against the base structure and dynamically check that it respects
the invariant of the richer structure, until the appropriate function is written. While the theory of ornaments
supports adding invariants, we do not yet support GADTs. Moreover, we propose ornaments as a way to generate
new code to be integrated into the program, rather than to quickly prototype on a new datatype.

Ornaments are building on datatype definitions, which are a central feature of ML. Polytypic programming
is a successful concept also centered on the idea of datatypes, but orthogonal to ornaments. Instead of lifting
operations from one datatype to another with a similar structure, it tries to have a universal definition for an
operation that applies to all datatypes at once, the behavior being solely determined by logical (sum or product)
structure of the datatype.

In [10], the authors also observe that one often need many variants of a given data structures (typically an
abstract syntax tree), and corresponding functions for each variant. They propose a programming idiom to
solve this problem: they create an extensible version of the type, and use type families to determine from an
extension name what information must be added to each constructor. In this approach, the type of the additional
information only depends on the constructor, while our type-level pattern matching allows depending on the
information stored in the already-present fields. This approach uses only existing features of GHC, avoiding
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a separate pre-processing step and allowing one to write generic functions that operate on all decorations of
a tree. On the other hand, the programmer must pay the runtime cost of the encoding even when using only
the undecorated tree. The encoding of extensible trees scales naturally to GADTs. Interestingly, this idiom and
ornaments are largely orthogonal features with some common use case (factoring operations working on several
variants of the same datatype) and might hopefully benefit from one another.

Ornamentation is a form of code refactoring on which there is a lot of literature, but based on quite different
techniques and rarely supported by a formal treatment. It has however not been much explored in the context of
ML-like languages.

Views, first proposed by Wadler [14] and later reformulated by Okasaki [11] have some resemblance with
isomorphic ornaments. They allow several interchangeable representations for the same data, using isomorphism
to switch between views at runtime whenever convenient. The example of location ornaments, which allows to
program on the bare view while the data leaves in the ornamented view, may seem related to views, but this is a
misleading intuition. In our case, the switch between views is at editing time and nothing happens at runtime
where only the ornamented core with location is executed. In fact, this runtime change has a runtime cost, which
is probably one of the reasons why the appealing concept of views never really took off. Lenses [7] also focus on
switching representations at runtime.

The ability to switch between views may also be thought of as the existence of inverse coercions between
views. Coercions may be considered as the degenerate of views in the non-isomorphic case. But coercions are
not more related to ornaments than views—for similar reasons.

Conclusion

We have designed and formalized an extension of ML with ornaments. We have used logical relations as a central
tool to give a meaning to ornaments, to closely relate the ornamented and original programs, and to guide the
lifting process. We believe that this constitutes a solid, but necessary basis for using ornaments in programming.
This is also a new use of logical relations applied to type-based program refactoring.

Ornaments seems to have several interesting applications in an ML setting. Still, we have so far only explored
them on small examples and more experiment is needed to understand how they behave on large scale programs.
We hope that our proof-of-concept prototype could be turned into a useful, robust tool for refactoring ML
programs. Many design issues are still open to move from a core language to a full-fledged programming
language. More investigation is also needed to extend our approach to work with GADTs.

A question that remains unclear is what should be the status of ornaments: should they become a first-class
construct of programming languages, remain a meta-language feature used to preprocess programs into the core
language, or a mere part of an integrated development environment?
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