
Type systems for programming languages

Didier Rémy
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Chapter 8

Logical Relations

8.1 Introduction

Logical relations are relations between well-typed programs defined inductively on the struc-
ture of types.

There are two kinds of logical relations: unary and binary. Unary relations are predicate
on expressions, while binary relations relates two expressions of the same type.

What they can be used for: unary relations can be used to prove type safety and
strong normalisation; binary relations can be used to prove equivalence of programs and
non-interferance properties.

Logical relations are a common proof method for programming language researchers that
every one ought to know.

8.2 Normalization of simply-typed λ-calculus

In general, types also ensure termination of programs—as long as no form of recursion in
types or terms has been added. Even if one wishes to add recursion explicitly later on, it is
an important property of the design that non-termination is originating from the constructs
for recursion only and could not occur without it.

The simply-typed λ-calculus is also lifted at the level of types in richer type systems
such as System F ω; then, the decidability of type-equality depends on the termination of
the reduction at the type level.

Proving termination of reduction in fragments of the λ-calculus is often a difficult task
because reduction may create new redexes or duplicate existing ones. However, the proof of
termination for the simply-typed λ-calculus is simple enough and interesting to be presented
here. Notice that our presentation of simply-typed λ-calculus is equipped with a call-by-value
semantics, while proofs of termination are usually done with a strong evaluation strategy
where reduction can occur in any context.
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We follow the proof schema of Pierce (2002), which is a modern presentation in a call-
by-value setting of an older proof by Hindley and Seldin (1986). The proof method, which
is now a standard one, is due to Tait (1967). It consists in first building the set Tτ of
terminating closed terms of type τ , and then showing that any term of type τ is actually in

Tτ , by induction on terms. Unfortunately, stated as such, this hypothesis is too weak. The
difficulty in such cases is usually to find a strong enough induction hypothesis. The solution
in this case is to require that terms in Tτ1→τ2 not only terminate but also terminate when
applied to any term in Tτ1 .

Definition 4 Let Tτ be defined inductively on τ as follows: let Tα be the set of closed terms
that terminates; let Tτ2→τ1 be the set of (closed) terms M1 of type τ2 → τ1 that terminates
and such that M1 M2 is in Tτ1 for any (closed) term M2 in Tτ2.

The set Tτ can be seen as a predicate, i.e. a unary relation. It is called a (unary) logical
relation because it is defined inductively on the structure of types. The following proof is
then schematic of the use of logical relations.

We state two obvious lemmas to prepare for the main proof. All terms in Tτ terminate,
by definition of Tτ :

Lemma 37 For any type τ , the reduction of any term in Tτ halts.

Reduction of closed terms of type τ preserves membership in Tτ :

Lemma 38 If ∅ ⊢M ∶ τ and M Ð→ M ′, then M ∈ Tτ iff M ′ ∈ Tτ .
(Proof p. 173)

Therefore, it just remains to show that any term of type τ is in Tτ :

Lemma 39 If ∅ ⊢M ∶ τ , then M ∈ Tτ .

The proof is by induction on (the typing derivation of) M . However, the case for abstraction
requires some similar statement, but for open terms. We need to strengthen the lemma.
Actually, to avoid considering open terms, we instead require the statement to hold for all
closed instances of an open term:

Lemma 40 (strengthened) If (xi ∶ τi)i∈I ⊢ M ∶ τ , then for any closed values (Vi)i∈I in
(Tτi)

i∈I , the term [(xi ↦ Vi)i∈I]M is in Tτ .

Proof: We write Γ for (xi ∶ τi)
i∈I and θ for [(xi ↦ Vi)

i∈I]. Assume Γ ⊢ M ∶ τ (1) and (Vi)
i∈I

in (Tτi)
i∈I (2). We show that θM is in Tτ (3) by structural induction on M .

Case M is xi: Immediate since the conclusion (3) is one of the hypothesese (2).

Case M is M1 M2: By inversion of the typing judgment (1), we have Γ ⊢M1 ∶ τ2 → τ (4) and
Γ ⊢ M2 ∶ τ2 (5) for some type τ2. Therefore, by induction hypothesis applied to (4) and (5),
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we have θM1 ∈ Tτ2→τ and θM2 ∈ Tτ2 . Thus, by definition of Tτ , we have(θM1) (θM2) ∈ Tτ ;
that is, θM ∈ Tτ .

Case M is λx ∶τ1.M2: By inversion of the typing judgment (1), we have Γ, x ∶ τ1 ⊢M2 ∶ τ2 (6)
where τ1 → τ2 is τ (7). Since M is a value, it is terminating. Hence, to ensure (3), it suffices
to show that the application of θM to any M1 in Tτ1 is in Tτ2 (8). Let M1 ∈ Tτ1 . By definition
of Tτ1 , the term M1 reduces to some value V , which by subject reduction has type τ1, and
so is in Tτ1 (9). We have:

(θM)M1
△
== (θ(λx ∶τ1.M2))M1 by definition of M
= (λx ∶τ1. θM2)M1 choose x# x⃗

Ð→
∗(λx ∶τ1. θM2) V by (9)

Ð→ [x ↦ V ](θM2) by (β)
= ([x ↦ V ]θ)M2

∈ Tτ2 by I.H.

In the last step, we may apply the induction hypothesis, since the first hypothesis is (6) and
the second one follows from (2) and (9). In summary, (θM) M1 reduces to a term in Tτ2 .
Since Tτ2 is closed by reduction, (θM)M1 itself in in Tτ2 , which establishes (8), as expected.

8.3 Proofs and Solution to Exercises

Proof of Lemma 38

By induction on the structure of the type τ .

Case τ is α: Then Tτ is the set of terms that terminates. If M Ð→ M ′, the termination of
M , i.e. M ∈ Tα, is equivalent to the termination of M ′, i.e. M ′ ∈ Tα.

Case τ is τ1 → τ2: Then Tτ is the set of terms of type τ that terminate and also terminate
when applied to any term M1 of type τ1. Assume ∅ ⊢ M ∶ τ (1) and M Ð→ M ′ (2). By
subject reduction, we have ∅ ⊢M ′ ∶ τ . Moreover, from (2), termination ofM and termination
of M ′ are equivalent. Therefore, it only remains to check that for any term M1 of Tτ1 , M M1

and M ′ M1 are both in Tτ2 or both outside of Tτ2 (3). Let M1 be in Tτ1 . We have ∅ ⊢M1 ∶ τ
and thus ∅ ⊢M M1 ∶ τ2. We also have the call-by-value reduction M M1 Ð→ M ′ M1, Hence,
(3) follows by induction hypothesis.
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Julien Crétin and Didier Rémy. Extending System F with Abstraction over Erasable Co-
ercions. In Proceedings of the 39th ACM Conference on Principles of Programming Lan-
guages, January 2012.

▷ Derek Dreyer, Robert Harper, Manuel M. T. Chakravarty, and Gabriele Keller. Modular
type classes. In POPL ’07: Proceedings of the 34th annual ACM SIGPLAN-SIGACT
symposium on Principles of programming languages, pages 63–70, New York, NY, USA,
2007. ACM. ISBN 1-59593-575-4.

Joshua Dunfield. Greedy bidirectional polymorphism. In ML ’09: Proceedings of the 2009
ACM SIGPLAN workshop on ML, pages 15–26, New York, NY, USA, 2009. ACM. ISBN
978-1-60558-509-3. doi: http://doi.acm.org/10.1145/1596627.1596631.

▷ Ken-etsu Fujita and Aleksy Schubert. Existential type systems with no types in terms.
In Typed Lambda Calculi and Applications, 9th International Conference, TLCA 2009,
Brasilia, Brazil, July 1-3, 2009. Proceedings, pages 112–126, 2009. doi: 10.1007/
978-3-642-02273-9 10.

http://www.cis.upenn.edu/~bcpierce/papers/compobj.ps
http://mlton.org/
http://cristal.inria.fr/~fpottier/publis/chargueraud-pottier-capabilities.pdf
http://research.microsoft.com/pubs/59934/lilc_popl05.pdf
http://www.cs.berkeley.edu/~adamc/papers/CtpcPLDI07/CtpcPLDI07.pdf
http://www-2.cs.cmu.edu/~crary/papers/2002/typepass/typepass.ps
http://doi.acm.org/10.1145/1190216.1190229
http://dx.doi.org/10.1007/978-3-642-02273-9_10


BIBLIOGRAPHY 177

Jun Furuse. Extensional polymorphism by flow graph dispatching. In Ohori (2003), pages
376–393. ISBN 3-540-20536-5.

▷ Jun Furuse. Extensional polymorphism by flow graph dispatching. In Asian Symposium on
Programming Languages and Systems (APLAS), volume 2895 of Lecture Notes in Com-
puter Science. Springer, November 2003b.

▷ Jacques Garrigue. Relaxing the value restriction. In Functional and Logic Programming,
volume 2998 of Lecture Notes in Computer Science, pages 196–213. Springer, April 2004.

Jean-Yves Girard. Interprétation fonctionnelle et élimination des coupures de l’arithmétique
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