
INRIA Séminare Gallium: 18 Juin 2018

CONCURRENT DATA 
STRUCTURES LINKED IN TIME

biennial report
2008-09

madrid institute 
for advanced studies

memoria software v3.qxd  13/8/10  10:48  Página 1

Germán Delbianco

Ilya Sergey Anindya BanerjeeAleks Nanevski



{P} c {Q}



DATA STRUCTURES LINKED IN TIME
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• Encode linearization order as 
auxiliary state in FCSL. 

• Reasoning about (non-fixed, 
non-local, non-regional) LPs 
reduced to pointer-like 
manipulations on auxiliary state. 

• Mechanised a complex snapshot 
algorithm by Jayanti.

(Delbianco, Sergey, Nanevski & Banerjee :ECOOP17)

Linearization Points 
 = Pointers in Time



CONCURRENT SNAPSHOTS
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• Fine-grained concurrent 
object with a shared 
memory object e.g. array.

• WAIT FREE scan and write.

• Scan returns a memory 
snapshot: a collection of 
valued that co-existed in 
memory.
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JAYANTI’S SNAPSHOT

Scan

scan : array nat :“
4. S:= true;
5. for i “ 0 .. n do B[i]:= K;
6. for i “ 0 .. n do V[i]:= A[i];
7. S:= false;
8. for i “ 0 .. n do

9. v “ B[i];
10. if pv ‰ Kq then V[i]:= v;
11. return V

scan : array nat t

4. S:= true;
5. for i “ 0 .. n do B[i]:= K;
6. for i “ 0 .. n do V[i]:= A[i];
7. S:= false;
8. for i “ 0 .. n do

9. v “ B[i];
10. if pv ‰ Kq then V[i]:= v;
11. return V

u

scan : nat * nat “

4. X := true;
5. ax :=K; ay :=K;
6. tx – !x; ty – !y;
7. X := false;
8. fx – !ax; fy – !ay;
9. let rx “ if fx is Some vx then vx else tx;
10. let ry “ if fy is Some vy then vy else ty;
11. return prx, ryq

3

Jayanti Snapshots

Writer
write pi, vq t

1. A[i]:= v;
2. if S
3. then B[i]:= v

u

write pi, vq t
1. A[i]:= v;
2. if S
3a. then B[i]:= v

3b. else skip
u

2

• Optimal O(m) wait-free 
scan with non-trivial 
correctness.

(Jayanti:STOC’05)
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Writer
write pi, vq t

1. A[i]:= v;
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3. then B[i]:= v

u
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2. if S
3a. then B[i]:= v

3b. else skip
u

2

• Optimal O(m) wait-free 
scan with non-trivial 
correctness.

• Shared arrays A and B, 
shared bit S. 

(Jayanti:STOC’05)
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• Optimal O(m) wait-free 
scan with non-trivial 
correctness.

• Shared arrays A and B, 
shared bit S. 

• Single scanner/writer.

(Jayanti:STOC’05)
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• Optimal O(m) wait-free 
scan with non-trivial 
correctness.

• Shared arrays A and B, 
shared bit S. 

• Single scanner/writer.

• write might forward the 
written value. Or not.

(Jayanti:STOC’05)
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• Optimal O(m) wait-free 
scan with non-trivial 
correctness.

• Shared arrays A and B, 
shared bit S. 

• Single scanner/writer.

• write might forward the 
written value. Or not.

• Hows does scan 
compute a snapshot? Is 
it a valid snapshot?

(Jayanti:STOC’05)
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Scan

scan : array nat :“
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PRELUDE : COLLECT 
*ORIGINAL* VALUES FROM A

{
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{
EPILOGUE : UPDATE WITH 

*FORWARDED*  VALUES FROM B

Scan

scan : array nat :“
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6. for i “ 0 .. n do V[i]:= A[i];
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SCAN RETURNS (2,1) !

y

x 5

0

vx = ax = 2 vy = by = 1 ret (vx,vy)

2 3

1

JAYANTI’S SNAPSHOTS

Leading Example

l: write(0,2);
c: scan() r: write(0,3)

write(1,1)

l: write(x,2);
c: scan() r: write(x,3)

write(y,1)

t1 ⌦ t2 p“ t1 “ t2 _ E pt1q † t2 _ pt1 †L t2^ q

D t. �s “ H ^ h Ñ �o ^ h § t ^ �orts “ xr.1, r.2, yu

11
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Shared variables
X: boolean, initialized to false
A: array[0 · ·m − 1] of ComponentType

(Initially, array A contains the desired initial value of O, the snapshot object being implemented;
B: array[0 · ·m − 1] of ComponentType ∪ {⊥}

(Array B is arbitrarily initialized.)

procedure Write(i, v) procedure Scan()
1. A[i] = v 4. X = true
2. if X then 5. for i = 0 to m − 1 do B[i] = ⊥
3. B[i] = v 6. for i = 0 to m − 1 do V[i] = A[i]

7. X = false
8. for i = 0 to m − 1 do
9. b = B[i]
10. if (b ≠ ⊥) then V [i] = b
11. return V

Figure 1: The basic algorithm that implements a snapshot object O of m components under two restrictions:
no concurrent scan operations and no concurrent write operations to the same component.

component of the snapshot that it will return (Line 10).
Finally, S returns the snapshot V that it has collected (Line
11).

2.2 Two key principles
We note two key “forwarding” principles that the algo-

rithm is based on. We highlight these principles because
they will continue to guide us as we design more general
snapshot algorithms in later sections.

The first principle ensures that if the scanner misses a
Write at A[i], then it will catch that Write at B[i]. More
precisely:

Forwarding Principle 1: Suppose that a Scan opera-
tion S misses a Write(i, v) operation W because S reads A[i]
before W writes in A[i]. If W completes before S performs
Line 7, then W will have surely informed S of v by writing
v in B[i].

The second principle ensures that any non-⊥ value that
the scanner may find in B[i] is current. More precisely:

Forwarding Principle 2: Suppose that a Scan opera-
tion S reads at Line 9 a non-⊥ value written in B[i] by some
Write(i, v) operation W . Then, (1) W is concurrent with S,
and (2) If W ′ is any Write(i, ∗) operation that is executed
after W , then W ′ completes only after S performs Line 7.

Our rules for linearizing Scan and Write operations are
suggested by the above forwarding principles. Specifically,
we linearize each Scan operation S at the point where S per-
forms Line 7 (i.e., where S sets the flag X to false). The lin-
earization point for a Write(i, v) operation W is determined
in two cases. For the first case, suppose that W starts before
a Scan S performs Line 7, yet S returns an older Write than
W (for the ith component of the snapshot). In this case,
the forwarding principles guarantee that W completes after
S performs Line 7. So, we linearize W immediately after S’s
Line 7, thereby justifying S’s return of an older Write than
W . If the first case does not hold, we linearize W simply at
the point where it performs Line 1 (i.e., where W writes in
A[i]).

Appendix A sketches the proof of correctness of the algo-
rithm. We summarize the result achieved in this section as
follows.

Theorem 1. If Scan operations are executed one after

another, without overlap, and Write operations to the same
component are executed one after another, without overlap,
the algorithm in Figure 1 correctly implements a linearizable
m-component snapshot for any number of processes. The
time complexity of Scan and Write operations are O(m) and
O(1), respectively, and the space complexity is O(m).

3. A MORE USEFUL BASIC ALGORITHM
It turns out that it is easier to transform the basic algo-

rithm into a multi-scanner algorithm if Lines 4 and 5 ap-
peared in the opposite order (this fact won’t be obvious to
the reader until they see how Section 5 transforms the al-
gorithm into a multi-scanner algorithm). Such a reordering,
however, makes the algorithm wrong. In this section, we ex-
plain why such a reordering introduces a bug into the algo-
rithm and how the bug can be fixed. The end result is a new
basic algorithm that still has the same two restrictions—no
concurrent scans and no concurrent writes to the same com-
ponent.

Consider the basic algorithm (of Figure 1), with the order
of Lines 4 and 5 reversed. This reordering introduces a time
gap between when a Scan S initializes the array B (Line 4)
and when it sets the forwarding flag X (Line 5). During this
time gap, two things can happen: (1) some Write(i, v) op-
eration W , which has all along been poised to write in B[i],
indeed writes v in B[i], and (2) a new Write(i, v′) operation
W ′ writes v′ in A[i] and returns without writing in B[i] (be-
cause X has false). As a result, when S later reads B[i], it
finds there the value v left by W even though the more recent
Write (namely, W ′) completed before S’s Line 7. Thus, the
algorithm does not respect Forwarding Principle 2 anymore,
which leads to the algorithm’s non-linearizability (because of
space constraints, we are not describing a detailed scenario
in which the algorithm is non-linearizable, but such a sce-
nario is easy to construct). However, the algorithm can be
fixed using the following idea: modify the Write procedure
to disallow a Write operation from writing in B[i] during the
critical time gap between Lines 4 and 5 of a Scan. This fix is
implemented in the algorithm of Figure 2, and is informally
described as follows.

After writing v in A[i] (Line 1), the writer reads X with an
LL operation (Line 2). If X has true, the writer must be ex-
ecuting concurrently with a Scan operation S. In this case,

726
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ABSTRACT
An m-component, n-process snapshot object is an abstrac-
tion of shared memory that consists of m words and allows
up to n processes to concurrently execute the following two
types of operations: write(i, v), which writes v into the ith
word, and scan(), which returns the current values of all
m locations [1, 3]. The snapshot problem is to design algo-
rithms for the write and scan operations that meet two chal-
lenging requirements: (1) operations appear to be atomic,
and (2) operations are wait-free.

For any (m-component, n-process) snapshot algorithm,
which runs on hardware that supports only word-sized ob-
jects, Ω(1) and Ω(m) are trivial lower bounds on the time
complexity of write(i, v) and scan(), respectively. But, are
these bounds tight?

For a restricted version of the snapshot problem, known in
the literature as the single-writer snapshot problem, Riany,
Shavit and Touitou [18] showed that the answer is yes: they
designed an algorithm with O(1) and O(m) running times
for the write(i, v) and scan() operations, respectively. (The
single-writer snapshot problem assumes that (i) the number
m of words of the snapshot object is equal to the number
n of processes, and (ii) only the ith process may write into
the ith snapshot word.)

This paper shows that the same (optimal) running times
of O(1) for write(i, v) and O(m) for scan() are achievable
for the general problem, known in the literature as the mul-
tiwriter snapshot problem. Our algorithm requires hard-
ware support for the CAS (compare&swap) operation (in
comparison, Riany, Shavit and Touitou’s algorithm requires
hardware support for CAS, fetch&inc, and fetch&dec oper-
ations).
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Categories and Subject Descriptors
F.2 [Analysis of Algorithms and Problem Complex-
ity]: Miscellaneous

General Terms
Algorithms, Reliability

Keywords
asynchronous, concurrent algorithm, fault-tolerant, lock-free,
snapshot, wait-free

1. INTRODUCTION
In a multiprocess system, the hardware allows concurrent

processes to execute atomic read and write operations on
individual words of memory. But what if processes require
the capability to atomically scan a large chunk of memory
that consists of many words, even as other processes con-
currently write into some of these words? Clearly, such a
capability can only be provided in software through the de-
sign of suitable algorithms. This observation motivates the
snapshot problem, formulated and first solved by Afek et al.
[1] and Anderson [3], which we describe below.

An m-component, n-process snapshot object is an abstrac-
tion of a shared memory that consists of m words and al-
lows up to n processes to concurrently execute any of the
following two types of operations: write(i, v), which writes
v into the ith word, and scan(), which returns the current
values of all m locations. The problem is to implement this
abstraction, i.e., design algorithms for the write(i, v) and
scan() operations, such that two challenging requirements
are met: (1) the write and scan operations must be atomic:
they must appear to act instantaneously, or more techni-
cally, they must be linearizable [12], and (2) the write and
scan operations must be wait-free: any process should be
able to execute either operation in a bounded number of its
own steps, regardless of whether other processes (which may
be concurrently executing write and scan operations) slow
down, speed up or even crash.

The above version, which is the general version of the
snapshot problem, is known in the literature as the multi-
writer snapshot problem. A simpler version, known as the
single-writer snapshot problem, assumes that (i) m = n (the
number of words of the snapshot object is equal to the num-
ber of processes), and (ii) the ith snapshot word may be
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Linearizability: A Correctness Condition for 
Concurrent Objects 
MAURICE P. HERLIHY and JEANNETTE M. WING 
Carnegie Mellon University 

A concurrent object is a data object shared by concurrent processes. Linearizability is a correctness 
condition for concurrent objects that exploits the semantics of abstract data types. It permits a high 
degree of concurrency, yet it permits programmers to specify and reason about concurrent objects 
using known techniques from the sequential domain. Linearizability provides the illusion that each 
operation applied by concurrent processes takes effect instantaneously at some point between its 
invocation and its response, implying that the meaning of a concurrent object’s operations can be 
given by pre- and post-conditions. This paper defines linearizability, compares it to other correctness 
conditions, presents and demonstrates a method for proving the correctness of implementations, and 
shows how to reason about concurrent objects, given they are linearizable. 

Categories and Subject Descriptors: D.1.3 [Programming Techniques]: Concurrent Programming; 
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1. INTRODUCTION 

1 .l Overview 
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that communicate through shared typed objects. This model encompasses both 
message-passing architectures in which the shared objects are message queues, 

A preliminary version of this paper appeared in the Proceedings of the 14th ACM Symposium on 
Principles of Programming Languages, January 1987 [21]. 
This research was sponsored by IBM and the Defense Advanced Research Projects Agents (DOD), 
ARPA order 4976 (Amendment 20), under contract F33615-87-C-1499, monitored by the Avionics 
Laboratory, Air Force Wright Aeronautical Laboratories, Wright-Patterson AFB. Additional spport 
for J. M. Wing was provided in part by the National Science Foundation under grant CCR-8620027. 
The views and conclusions contained in this document are those of the authors and should not be 
interpreted as representing the official policies, either expressed or implied, of the Defense Advanced 
Research Projects Agency or the US Government. 
Authors’ address: Department of Computer Science, Carnegie Mellon University, Pittsburgh, PA 
15213-3890. 
Permission to copy without fee all or part of this material is granted provided that the copies are not 
made or distributed for direct commercial advantage, the ACM copyright notice and the title of the 
publication and its date appear, and notice is given that copying is by permission of the Association 
for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or specific 
permission. 
0 1990 ACM 0164-0925/90/0700-0463 $01.50 

ACM Transactions on Programming Languages and Systems, Vol. 12, No. 3, July 1990, Pages 463-492. 

(Herlihy-Wing:TOPLAS’90)



�10

S (2,1)

5

y

x

0

2

1

3

LINEARIZABILITY TO THE RESCUE

Leading Example

l: write(0,2);
c: scan() r: write(0,3)

write(1,1)

write (x,2);
scan () write (x,3)

write (y,1)

t1 ⌦ t2 p“ t1 “ t2 _ E pt1q † t2 _ pt1 †L t2^ q

D t. �s “ H ^ h Ñ �o ^ h § t ^ �orts “ xr.1, r.2, yu

D t. �s “ H ^ h Ñ �o ^ h § t ^ �orts “ xr.1, r.2, yu
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Figure 3 Changing the logical ordering (solid line L) of write events from (5, 0, 2, 3, 1) in (a) to
(5, 0, 2, 1, 3) in (b), to reconcile with scan returning the snapshot x “ 2, y “ 1, upon missing the
write of 3. Dashed lines R represent real-time ordering.

while 1 gets forwarded to fy (line 13), 3 is not forwarded to fx, because S was turned o� in
line 15. Thus, when c reads the forwarded values (lines 18, 19), it returns x “ 2, y “ 1.

While x “ 2, y “ 1 was never the contents of the memory, returning this snapshot is nev-
ertheless justified because we can pretend that the scanner missed r’s write of 3. Specifically,
the events in Figure 2b can be reordered to represent the following sequential execution.

write px, 2q; write py, 1q; scan pq; write px, 3q (1)

The client programs cannot discover that a di�erent scheduling actually took place in real
time, because they can access the internal state of the algorithm only via write and scan.

This kind of temporal reordering is the most characteristic aspect of linearizability proofs,
which typically describe the reordering by listing the linearization points of each procedure.
At a linearization point, the procedure’s operations can be spliced into the execution history
as an uninterrupted chunk. For example, in Jayanti’s proof, the linearization point of scan
is at line 11 (Figure 1), where the scanner bit is unset. The linearization point of write,
however, may vary. If write starts before an overlapping scan’s line 11, and moreover, the
scan misses the write (note the dynamic nature of this property), then write should appear
after scan; that is, the write’s linearization point is right after scan’s linearization point
at line 11. Otherwise, write’s linearization point is at line 2. In the former case, write
has a future-dependent, non-local, non-regional linearization point, as we can only identify
it in the execution of scan in a di�erent thread, and only after the execution of write has
terminated. For instance, in Figure 2b the execution of the second write in l terminates
at step 14, yet the decision of its position in the linearization order is taken only when the
scanner is at step 15.

Obviously, the high-level pattern of the proof requires tracking a logical ordering of the
write and scan events, which di�ers from the real time. As the logical ordering is inherently
dynamic, depending on properties such as scan missing a write, we formalize it in Hoare
logic, by keeping it as a list of events in auxiliary state that can be dynamically reordered
as needed. For example, Figure 3a shows the situation in the execution of scan that we
reviewed above, where the logical ordering coincides with real-time ordering, but is unsound
for the snapshot x “ 2, y “ 1 that scan wants to return. In that case, the auxiliary code
with which we annotate scan, will change the list in-place, as shown in Figure 3b.

Our challenge then lies in reconciling the following two conflicting requirements. First,
we need to implement the reordering discipline so that the subsequent calls to write and

LINEARIZABILITY TO THE RESCUE
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time, because they can access the internal state of the algorithm only via write and scan.
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which typically describe the reordering by listing the linearization points of each procedure.
At a linearization point, the procedure’s operations can be spliced into the execution history
as an uninterrupted chunk. For example, in Jayanti’s proof, the linearization point of scan
is at line 11 (Figure 1), where the scanner bit is unset. The linearization point of write,
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scan misses the write (note the dynamic nature of this property), then write should appear
after scan; that is, the write’s linearization point is right after scan’s linearization point
at line 11. Otherwise, write’s linearization point is at line 2. In the former case, write
has a future-dependent, non-local, non-regional linearization point, as we can only identify
it in the execution of scan in a di�erent thread, and only after the execution of write has
terminated. For instance, in Figure 2b the execution of the second write in l terminates
at step 14, yet the decision of its position in the linearization order is taken only when the
scanner is at step 15.

Obviously, the high-level pattern of the proof requires tracking a logical ordering of the
write and scan events, which di�ers from the real time. As the logical ordering is inherently
dynamic, depending on properties such as scan missing a write, we formalize it in Hoare
logic, by keeping it as a list of events in auxiliary state that can be dynamically reordered
as needed. For example, Figure 3a shows the situation in the execution of scan that we
reviewed above, where the logical ordering coincides with real-time ordering, but is unsound
for the snapshot x “ 2, y “ 1 that scan wants to return. In that case, the auxiliary code
with which we annotate scan, will change the list in-place, as shown in Figure 3b.

Our challenge then lies in reconciling the following two conflicting requirements. First,
we need to implement the reordering discipline so that the subsequent calls to write and

LP = logical, atomic, moment where action happens

LINEARIZABILITY TO THE RESCUE
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Scan

scan : array nat :“
4. S:= true;
5. for i “ 0 .. n do B[i]:= K;
6. for i “ 0 .. n do V[i]:= A[i];
7. S:= false;
8. for i “ 0 .. n do

9. v “ B[i];
10. if pv ‰ Kq then V[i]:= v;
11. return V

scan : array nat t

4. S:= true;
5. for i “ 0 .. n do B[i]:= K;
6. for i “ 0 .. n do V[i]:= A[i];
7. S:= false;
8. for i “ 0 .. n do

9. v “ B[i];
10. if pv ‰ Kq then V[i]:= v;
11. return V

u

scan : nat * nat “

4. X := true;
5. ax :=K; ay :=K;
6. tx – !x; ty – !y;
7. X := false;
8. fx – !ax; fy – !ay;
9. let rx “ if fx is Some vx then vx else tx;
10. let ry “ if fy is Some vy then vy else ty;
11. return prx, ryq

3

Jayanti Snapshots

Writer
write pi, vq t

1. A[i]:= v;
2. if S
3. then B[i]:= v

u

write pi, vq t
1. A[i]:= v;
2. if S
3a. then B[i]:= v

3b. else skip
u

2
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3

Jayanti Snapshots

Writer
write pi, vq t

1. A[i]:= v;
2. if S
3. then B[i]:= v

u

write pi, vq t
1. A[i]:= v;
2. if S
3a. then B[i]:= v

3b. else skip
u

2

Scan’s  LP is fixed!
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2

Write’s LP is here… 
sometimes
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2

Or here!
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Even anywhere here!
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• Non-fixed: LP determined by dynamic, run-time information.

• Non-local: LP might be in write’s code. Or not.

• Future-dependent: the position of the LP depends on future 
events.

• Non-regional (Far-Future): which (potentially) take place after 
write has finished.

???
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FCSL: FINE-GRAINED 
CONCURRENT 

SEPARATION LOGIC
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• Subjective Auxiliary State: 
PCMs identify thread-
specific contributions 

• State-Transition Systems: 
user-defined concurrent 
protocols. 

• Types: mechanization and 
compositionality.

(Nanevski, Ley-Wild, Sergey & Delbianco:ESOP14)
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X = Xs + Xo 
Subjective History!
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Xs

write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

1

1

2

5

3

7

Xo

�18



Xs

write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

1

1

2

5

3

7

Xo
Change logical order, atomically!

�18



Xs

write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

1

1

2

5

3

7

Xo
Change logical order, atomically!



write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

1

1

2

5

3

7

Xo

Xs

Change logical order, atomically!



write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
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That’s it!

Xo

Xs

Change logical order, atomically!
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Color invariant: At all times, many greens in the head, 
at most one yellow, any reds in the tail.

G+.Y?.R*
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write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

Eptq

Ept1q † t2 ùñ t1 †L t2

1

End times:  preserve ordering of non-overlapping 
events.

write pp : ptr, n : intq : tHs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
tDt. Hs “ t fiÑ pp, nq ^ h Ñ Ho ^ ! Ñ ÑL ^h Ñ H

àLtu

scan : t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑLu
t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL

^ D t. h Ñ H
ÑLt ^ chain H

ÑLt ^ r “ eval HÑLtu

Hs HoHj

ÑL

! Ñ ÑL

chain H
ÑLt

†L

Eptq

Ept1q † t2 ùñ t1 †L t2

1

as in Linearizability!



Scan and Write in FCSL

Write

write pi, vq t

1. xA[i]:= v; registerpvqy;
2. xb “ !S; checkSpqy;
3. if b

3T . then xB[i]:= v; forwardpi, vqy;
3F . else xfinalizepi, vqy;

u

Scan

scan : array nat t

4. xS:= true; scanPreludepqy;
5. for i “ 0 .. n do xB[i]:= K; clearpiqy

6. for i “ 0 .. n do V[i]:= A[i];
7. xS:= false; scanEpiloguepqy;
8. for i “ 0 .. n do

9. v “ B[i];
10. if pv ‰ Kq then V[i]:= v;
11. xrelinkpq; return V y

u

4

INSTRUMENTED SCAN
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Scan and Write in FCSL

Write

write pi, vq t

1. xA[i]:= v; registerpvqy;
2. xb “ !S; checkSpqy;
3. if b

3T . then xB[i]:= v; forwardpi, vqy;
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t Hs “ empty ^ h Ñ Ho ^ ! Ñ ÑL
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Hs HoHj

ÑL

! Ñ ÑL
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ÑLt
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Real Time 
Ordering 
preserved!

Color patterns 
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Specs for Jayanti

Write

t�s “ H ^ h Ñ �o ^ w Ñ ⌦u
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⇣

tqu
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STABLE DYNAMIC ORDER
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p⌦

⇣

tqp“ tt
1

| t
1 ⌦ t ^ t

1
‰ tu

static p†L tq p“ if L ñ
˚
⇠ L

1 then †L t “ †L1 t

p⌦ Ó tqp“ tt
1

| t
1 ⌦ t ^ t

1
u

Stable Order

a ⌦ b p“ a “ b

_ E paq † b

_ a †L b ^ C paq “ green

scanned⌦ p“ tt | p⌦ Ó tq“p†L Ó tq

^ @s Pp⌦ Ó tq. C psq “ greenu

7
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p⌦

⇣

tqp“ tt
1

| t
1 ⌦ t ^ t

1
‰ tu

Scan

t �s “ H ^ h Ñ �o ^ ! Ñ ⌦u

scanpq : array A

t �s “ H ^ h Ñ �o ^ ! Ñ ⌦

^D t. h Ñ H
ÑLt ^ chain p†L tq p⌦Ótq ^ r “ eval t �u
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DATA STRUCTURES LINKED IN TIME

• Reasoning about concurrent objects is tricky, and 
tracking linearization points can be cumbersome. 

• Creating a new program logic/technique for each new 
corner case/consistency criteria does not scale up.

• Introduced Linking-in-time as an alternative to explicit 
reasoning about non-fixed , non-local, LPs.

• Mechanized in Coq, including the first formal  
correctness proof of Jayanti’s snapshot object.
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THANKS



COPYRIGHT DISCLAIMERS

�33

The CSL family tree slide is a 
variation of Ilya Sergey’s 

original:  
http://ilyasergey.net/other/CSL-

Family-Tree.pdf

The Mighty Rooster is due to 
Lilia Asiminova 

http://www.liliaanisimova.com/ 
Handle with caution!

http://ilyasergey.net/other/CSL-Family-Tree.pdf
http://www.liliaanisimova.com/

